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Finite Element Analysis (FEA) 
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4-1  
                 

     .            
                 

                
         .        

:      
1(    

2()     1( 

3(  .         

                
       .        

        .      
    :           

)     Finite Element Analysis: FEA .( 
      FEA     40      

     1956 1960  .  »  «  1960 
  .                

                  
. 

1.     
:   4-1:      

1(        : )n(      )
( 

2(     :  )  e( 

)4-1(                                                                                                                 2 2 

3(:      

)4-2(                                                                                               1 
  2                
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)4-3(                                                                                                                                            2 

4( :       :    

)4-4(                                                                                                                            

    2    :   

)4-5(                                                                                                          2 2                

 :       

)4-6(                                                                                                2 
    0 . 

 x= 1/n :                                                                          2 2  
)4-7(                                                                                                                                       0 2 2           

            .     
 

 
 4-1      

 
 

 

 
 4-2   )  e(         
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4-2         
       .      

                  
)     .     4-2:  ( 

 :    
1 2 0 )4-8(                                                                                                        

  -:(  )  
)4-9(                                                                                                        

:   
)4-10(                                                                                          

]:   [     
)4-11(                                                                                                  

               .
           .         

    .            x  .  
   ( )    : 

 
2                                                                             )4-12(  

 

2 1 2 1  
 

 
 4-3     )    ()    ( 
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:       

0 0 0
0 1 1
0 1 1

1
2
3

2 2 0
2 2 0

0 0 0
1
2
3

0
2
3

10
0

)4-21        (                                    

 
                                                                                                         1 2 

Kd=f+r )4-22(                                                                                                                           
  1      d       . 

              -

                
      :  . 

1
1 1
1 1

3 2
3
2 2

2 2
2 2

2 1
2
1 

 
 

11 2 12 2 21 2 22 2 1                                                              )4-23 (  

23 1 32 1 33 1  

             
13 31 0. 

4-3         
                 .

.     

1 1
1

2
1

3
2

0 0 1
0 1 0

1
2
3

1  

                                      )4-24(      
2 1

2

2
2

2
1

0 1 0
1 0 0

1
2
3

2  

  (Boolean)        . 
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  )4-15(             
   )4-25(                                                                                                              

:   
0
2

1

1
1

0 0
0 1
1 0

1
1

2
1 1 1  

                                         )4-26       (                                                      
2

2

1
2

0

0 1
1 0
0 0

1
2

2
2 2 2  

    )  4-26)  (4-17 :   ( 
2 1 2 1  )27-4                     (                                                           

     ) 4-15 (   )  4-24)   (4-27( : 
2 1  )28-4                                                          (                                  

  Kd=f+r    
2 1    .       

                   
 . 
4-4         

  :  1
4
2 2 4 3 10          

:     
2 2 0
2 2 1 1

0 1 1
2
3

14
10

                                                                                     )4- 29(  

  
)4- 30(                                                                                                     
 

 E                 u 
 .   F    (Free)            

  u    f        .     .  
  : 

1  )4-31(                                                                   
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 u2  u3 3
2  .        :     

  )4-32(                                                                                                          

    1 6 3 10 1
1

1
2 2

10
2 ,   . 

                    :  
         : 

1 0 0
0 1 2 1
0 1 1

2
3

4 2
10 0

 

                                                                         2
10

2 3 10 1
1

1
2  )4-33 (

       1 2 2 0 2
3

6  

             :      -

     .107           .
. 

2 0
2 1 2 1

0 1 1
2
3

4
10

 

 
2.              4-5  
. 

 
 4-5   2   ( ) .      ( )   
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      APDL  .        
       .          .

E=30e6 psi. 
: 

  :     

1
1 1

1 1
1 1

30 106

4
1 1
1 1 10 106

1 1
1 1

1 2
1
2 

 

2
1 2

1 1
1 1

30 106

3
1 1
1 1 10 106

1 1
1 1

2 3
2
3 

 
3

1 3
1 1
1 1

30 106

3
1 1
1 1 10 106

1 1
1 1

3 4
3
4 

 
     : 

106
7 5 7 5 0
7 5 17 5 100
0

10
0

20
10

0
010
10

 

 
 :       

106
7 5 7 5 0
7 5 17 5 100
0

10
0

20
10

0
010
10

1
2
3
4

1
2
3
4

  

 
      u1= u4=0   F2= -500   F3= -1000    .

:    
 

=106 7 5 0
0 10 , =106 17 5 10

10 20  , =106 7 5 0
0 10 ,  

 
 

=
0
0 , = 2

3
 , =

500
1000  , = 1

2
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           : 
 

df = 1 (fF – kE TF dE)   8 10 5

6 10 5    

 

rE =   + kE d F    600
400    

 
 

APDL      : 
 

/PREP7
ANTYPE, STATIC 
ET,1,LINK1
R,1 1
MP,EX,1 3E7
N,1
N,2,,4
N,3,,7
N,4,,10
E,1 2
E,2 3
E,3 4
D,1,ALL,,,4 3
F,2,FY,-500
F,3,FY,-1000
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
PRNSOL,U,Y 
PRRSOL,F,Y 
FINISH 

 
:      

 
 4-1          4-2 

 
4 3 2 1                  

0 -9 10-5 10 -8 10-5 10 0  
900lb  0 600lb     
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 4-6         

4-5     
)        4-6:( 

1 1
1 1

1
2

1
2

 )4-35  (                                                                                          
          
1 2 0   

           ) 2 , 1  . (
    (elongation)      .      

                
 :  . 

1
1
2
2

1
01
0

0 10 0
0 10 0

0
00
0

1
1
2
2

)4-36(                            

 
 )4-37(                      

= 
   )  1 (: 

1 = 1  cos + 1  sin  

1 = - 1  sin + 1 cos  )4-38   (                                                                                      
)4-38)   (2  (:    
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1
1
2
2

 = 0
0

0
0

0
0

0
0 1

1
2
2

 )4-39 (                                                           

 
 )4-40(                                                                                                               

       (Re)-1 = ReT   (R(e))TR(e)=R(e)(R(e))T= I: 
R(e)T = R(e)TR(e)d(e)=d(e)                            d(e) = R(e )t d (e)                                                                    )4-41(  

  :   

  )4-42(                             
  = )4-43(                                           

 
 

      :     

2

2
2

2

2

2
2

2
 )4-44(                                                                      

      .     

 

 
 

 4-7     
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3    .4-7 .      
: 

:                 
       .    

:      
) 1(   1

=90o k(1)=
1 1

1 = l(1)=lsin 90o=1   cos90o=0 

[K](1)=
0 0 0 0
0 1 0 10
0

0
1

0
0

0
1

1
3  

     [1]        [3] 

) 2(   2
=45o l(2)= 2 l sin45o= 1

2 cos45o= 1
2 

k(2)=
2 2

2 = 2  

�K](2) = 
0 5 0 5 0 5 05
0 5 0 5 0 5 0 50 5
0 5

0 5
0 5

0 5
0 5

0 5
0 5

2
3  

                        [2]         [3] 
:    

3a  ( 

[K] =

0
0

0
1

0
0

0
0

0
0

0
1

0
0

0
0

1
2 2
1

2 2

1
2 2
1

2 2

1
2 2

1
2 2

1
2 2

1
2 2

0
0

0
1

1
2 2

1
2 2

1
2 2

1
2 2

1
2 2
1

2 2

1
2 2

1
2 2 1

1

2

3

 

    [1]       [2]             [3] 

  

0
00
0
3
3

0
00
0
100

  

1
1
2
200

                                                                                  

    
3b( :                                                                                          Kd = f + r 
3c(   :    
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=

1
1
2
2

 = 
00
00

  3
3   10

0  

1
2 2

1
2 2

1
2 2

1
2 2 1 , 

1
1
2
2

 

00
1

2 2
1

2 2

01
1

2 2
1

2 2

 

 1 : 
1

2 2
1

2 2
1

2 2
1

2 2 1
3
3  = 10

0   => 3
3  = 10 20 2

10  

 
  :   

1
1
2
2

 = 

0
0

1
2 2
1

2 2

0
1
1

2 2
1

2 2

10 20 2
10  = 

0
1010
10

 

 : 

e=Ee 2 1  = 1 0 1 0
1
1
2
2

 = 1 0 1 0  

= de  
 

 
  1 :                                                                             1 90� 1 0

1 1 
d(1)= 1 1 3 3 T = 0 0 10 20 2 10 T  (1)= 10 

 
 

  2 :                                                                          2 45� 2 1
2

2 1
2 

d(2)= 
2
2
3
3

= 

0
0

10 20 2
10

  =>  (2)=10 2 
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4 .         15 ft    A=0.5in2   4-8 
  F=5000lb .         2     

   ..            

 
4-8 

 
:

/PREP7
L=15*12                             ! LENGTH IN INCH 
*AFUN,DEG                     ! ANGLE ARE IN DEGREE UNIT 
THETA=30
a=2*L*COS(THETA) 
B=L*SIN(THETA) 
ET,1,LINK1
R,1 0,5
MP,EX,1 3E7
N,1
N,2,a/2,-b 

N,3,a 

E,1 2
E,2 3
D,1,ALL,,,3 2                             ! or  D,I , ALL           and        D, 3, ALL  

F,2,FY,-5000
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
PRNSOL,U,Y                                           ! PRINT ALL NODAL SOLUTION 
PRRSOL                                                   ! PRINT REACTION FORCES 
ETABLE,AXFORCE,SMIS,1
ETABLE,AXSTRESS,LS,1
PRETAB,AXFORCE,AXSTRESS                  PLD,SP, 2
FINISH 
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:      
10 000 1 0 0  

2 0 12 3 0 0  
 

 
       4-2            . 4      

 

UY RX RY 
1 0 -4330,1 lb 2500 

2 -0,12 in 0 0 

3 0 +4330,1lb 2500 

 
 4-3           4 

AXSTRESSAXEORCE  
10/000 rs 5000 lb  1 
10/000ps 5000 lb 2 

 

 
 

 4-9   (  )     (  )   
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5.   4-10 .           
                 

. 

 
 4-10  

 
: 

A=3250 mm , E=200GPA , 0 
/PREP7
ET,1,LINK1
R,1 3250
MP,1, EX,2E5
N,1
N,2 1800 3118
N,3 3600
N,4 5400 3118
N,5 7200
N,6 9000 3118
N,5 7200
N,6 9000 3118
N,7 10800
E,1 2
E,1 3
E,2 3
E,2 4
E,3 4
E,3 5
E,4 5
E,4 6
E,5 6
E,5 7
E,6 7
D,1,ALL 
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D,7,UY 

F,1,FY,-28E4
F,3,FY,-21E4
F,5,FY,-28E4
F,7,FY,-36E4
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
PLDISP,2
PRNSOL,U,S 
PRRSOL,F 
ETABLE,SAXL,LS,1
PRETAB,SAXL 
FINISH 

 4-4 

 (mpa)    (mpa)  
1 -84,9 7 8:2a 

2 41,447 8 -a1,183 

3 82,4 9 A1,184 

4 -82,4 10 45,5al 

5 -8,29 11 -al.184 

6 84,038   

:      

1 82 9 2 41 447 3 82 9 4 82 9  
5 8 29 6 87 038 7 8 29 8 91 183 
9 91 189 10 45 591 11 91 189
1 0 704 10 4 1 0 513 106 7 0 2 0 617 106 

 
 4-5  

Ry(N) Rx (N)                                

0,513  10 6 0,704 10-4 1 
0,617  10 6 0 7 

 4-6  
UY RX RY 

1 0 -4330,1 lb 2500 

2 -0,12 in 0 0 

3 0 +4330,1lb 2500 
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 4-11    (  )    (  )   5 

 
   5               

             .        
 .    

6 .   4-12        . APDL  
.       

E=200 Gpa,  =0  
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 4-12    

 
 4-7   

A���2�   
2540    ��,�� 
3270    �� 

4120 )  (   
 

: 
 

/PREP7
ANTYPE,STATIC 
ET,1,LINK8
R,1 2540E-6
R,2 3270E-6
R,3 4120E-6
MP,EX,1 2E11
K,1
K,2 2        k,2, , ,2
K,3 2 2      k, 3,  , 2 2
K,4,,2        k,4 2
K,5,,,3     k, 5, 3
K,6 2,,3    k, 6, 3, , 2
K,7 2 2 3    k,7, 3, 2, 2
K,8,,2 3    k, 8, 3, 2, 0
K,9 0 0 6   k,8, 3, 2 0
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K,10 2,,6  k,9 6
K,11 2 2 6     k, 10, 6, , 2
K,12,,2 6         k, 11, 6, 2, 2
K,13,,,9     k,12, 6 2
K,14 2,,9     k, 13 9
K,15 2 2 9   k, 14,, 9 , , 2
K,16,,2 9     k, 15, 9 2, 2
L,1 2            k, 16, 9 2
L,2 3
L,3 4
L,4 1 
L,5,6
L,6 7
L,7 8
L,8 5
L,9 10
L,10 11
L,11 12
L,12 9
L,13 14
L,14 15
L,15 16
L,16 13
L,1 5
L,2 6
L,3 7
L,4 8
L,5 9
L,6 10
L,7 11
L,8 12
L,9 13
L,10 14
L,11 15
L,12 16
L,2 5
L,3 6
L,3 8
L,4 5
L,6 9
L,7 12
L,8 9
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L,10 13
L,11 14
L,11 16
L,12 13
LESIZE,ALL,, 1
LSEL,S,LINE , ,2 16 2 0
LSEL,A,LINE , ,1 15 2 0
LMESH,ALL 
LSEL,ALL 
REAL,2
LSEL,S,LINE,,17 28 1 0
LMESH,ALL 
REAL,3
LSEL,S,LINE,17 28 1 0
LSEL,ALL 
REAL,3
LSEL,S,LINE,,29 40 1 0
LMESH,ALL 
LSEL,ALL 
NSEL,S,LOC,X,0
D,ALL,ALL 
NSEL,ALL 
NSEL,S,LOC,X,9
NSEL,R,LOC,Y,0
F,ALL,FX,-25E4
NSEL,ALL 
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
PRRSOL,F 
PLDISP,2
ETABLE,SAXL,LS,1
PRETAB,SAXL 
FINISH

   : 
 

 4-8   
 FFY FX 

1 0,0 0,0 0,1125E7 
2 0/151134E�8 0,0 �0,1125E7 
3 �0/11642E�9 �0/252 E �6 �0,1125E7 
4 0�0 �0/25 E�6 �0,1125E7 
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 4-13   (  )    (   )   

 
 4-9  

 
  

 
  

 
  

1  17  33 0,31272 E-6 
2  18  34 0,10939 E9 
3  19  35 0,12028 E6 
4  20  36 0,10934 E9 
5  21  37 0,1939 E -6 
6  22  38 E9 0,10939 
7  23  39 -0,13344 E -7 
8  24  40 0,10939 E9 
9  25    
10  26    
11  27    
12  28    
13  29 0,66546 E -6   
14  30 0,10939 E 9   
15  31 -0,48113 E -7   
16  32 0,11939 E 9   
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 4-14               

7.         4-14          
    .       )  E=70000Mpa 0,33= (

             .        
   25     2 .   )    1   (

)     5)  (6    (UY  UZ . 
 

 4-10     
  

  X Y Z 

1 0 325 0 
2 0 400 0 
3 500 400 0 
4 500 0 0 
5 825 0 50 
6 825 0 50- 

 
 

: 
/PREP7
K,1 0 325
K,2 0 400
K,3 500 400
K,4 500
K,5 825 0 50
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K,6 825 0,-50
L,1 2
L,2 3
L,3 4
L,4 1
L,4 5
L,4 6
L,3 5
L,3 6
MP,EX,1 70000
MP,PRXY,1 0,33
ET,1,PIPL16
R,1 25,2
LES17E,ALL,20
LMESH,ALL 
NSEL,S,LOC,X,0
D,ALL,UX,0
D,ALL,UY,0
D,ALL,U7 0
NSEL,S,LOC,X,825
D,ALL,UY,0
D,ALL,UZ,0
NSEL,S,LOC,X,500
NSEL,R,LOC,Y,400
F,ALL,FY,-600
NSEL,S,LOC,X,500
NSEL,R,LOC,Y,0
F,ALL,FY,-200
NSEL,ALL 
FINISH 
!* 
/SOLV 
SOLVE 
FINISH 
!* 
/POST1
PLDISP,2
PLNSOL,U,COMP   !DMX=0,27m
ETABLE,S,EQV      !Equivalent stress 
PLETAB,SEQV    !SMX=16,523mpa 
FINISH 
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 4-15 (   )   (   )    

 

 
 4-16         



                                             :                ��A                                                        

324  

 

 
 4-17     

4-6   
      4-17       .     

                      
    G        : 

)4-45(                                                                                                                       

                  
          : 

1

2

1 1
1 1

1

2
    )4-46                     (                                                             

            .    
       . 

 
8.     4-18   .    AB       3 9 106  
 1,5 in  .   BC       4 106  1 in 
.   .      200 lb.ft D        .

    D  B   .       
:         AD DB BC   : 

 

 
 4-18  
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     :    

1 2
1
2

4 0 497 4 

3
1
2

4 0 0982 4 

 :      
 

1 3 9 106 0 497
12 2 5

1 1
1 1

64610 64610
64610 64610

2 3 9 106 0 497
12 1 0

1 1
1 1

161525 161525
161525 161525

3 4 0 106 0 0982
12 2 0

1 1
1 1

16367 16367
16367 16367

     :   

64610 64610 0 0
64610 64610 161525 161525 0

0 161525 161525 16367 16367
0 0 16367 16367

1
2
3
4

0
200 12

0
0

 

     1 4 0 0 :       
 

2 0 03020 3 0 02742 
1951 449  

 
 

 

 
 4-19  
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1. 4-19.           1011  
   2 10 2 2 . 

 (           
  (       

 (           
 (       

2 .   4-20   103  B   .      
�� ��1011    BC 2 10 2 2    BD  B� 10 2 2 .-

 D :         .     

 (        
  (       B D    

   (   
 (   C�D� � .    
 

 
 4-20  

 

 
 4-21  
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3.                 
  4-21 : 

(            
 (         .Xmag      -

  .   mag      .     
 

4.                4-22  
   .  (b)         .    1 .    

103 2 1011 10 2 2  

 
 4-22 

 

 
 4-23  
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5.       4-23 2 5 2    
  )10 106

2(         A        
   .       .     

6.         4-24  15 2     ���200 

����     .   A         
         .  .    

 
 4-24  

 
 4-25  
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7.      4-25    .     10 2   
29 106      .        -

   .   
 

8 .   4-26   .    14      12in  . 
     A�4 in2     ��29�106 lb��2      .

          .     

9    .    4-27  A�21,5 in2      
  ��1,9 �106 lb�in2              .

   .          .    
               .    

. 
 

 
 4-26  

 
 4-27  
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 4-28  

 
 4-29  

10.       4-28  .   
11.    4-29       E=10,9*106 lb/in2 -

    500 lb      .     A=2,24in2   
             .    

     4,090m4              
.   
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4-30 

12.      4-30  .   A� ��     
�=9,8*103��i     1�5in  .��       �=11,2*103��i  

  1in  .        . �=2400lb�in �     .
      �  �  .        

 

 4-31          
4-7   

)      ������im���� ��l��i�n(       
)��i����� ���i���l ������� � ��      .    (

       )      ��i�l ��l��i�n(  
               .    
                   

       .             
    4-31 :   

 (      1 2                                                     )4-48(      

1 1                                � �1� 1

2                                            � �2� 2      

: 

   (  :           
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0 1 2 2 + ….. 0                                                              )4-49(  

         

1 1 2 2 1     )4-50  (                                          

                       
 )����� ���������        .    (       �    

:         

����� �  � � �  – ���� 0                                                                          )4-51(  

       ( : 

      x ) 49-4  (      )4-50(    
 uj       .         uj    R 

                 .  
      .              

            .       
        .       

 
2

1
2

1 0                                                                                )4-52(  

 4-52    .         

    .        4-52      
)          .Graler kin Method     (

  =  .    
9 . 

2

2 0 1 0 

 0 1 2 2   .          ) 
  (             
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: 
0 0 0 0 1 0 2

1 

1
2

 
2 2 2

1

1

0
1 0 2

1
2

0
1

0
1 2  

2
2

 

10 .0 1 2 2   
2

2 0 0 1 0 
: 

    :           
0 0 0 0  
1 0 1 2 

: 
1 1  

2 2
1

0
2 0 1

5
18 

5
18 1

11. :           

-
2

2 0 0 1 0 

         

0 1 2 2 3 3 

   .        

1 10 8 1 5 10 8 10 4 
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:)           u(x)=c(x)   
v(x)      (   .      

:                

1 2 2 3 2  

     :    

3 1
2

60 2 2 6 0 

2 60 1
4
5 4 0 

=> 1 1204 8 2 2409 6 
  :    

1
 

 
12. :           

1 2 1  

:      :        

1[ -l(1-ex)/(1-el)] 

      :     

1 2

1 2(e
l 1

2e
2l-1)+

2

1  (l +1)
2

2  =0 => u1=104 

   :     
(x)=104[x- 1

1 ] 

- 

13        . 
1 2 2  
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.                                             2
2 0 0 

  .           

14      .(Bessel equation) :      

2

2

2 1 2 1 2 

 :    1 2 0           .
  2.         

15 .   :         

0 0 1 

    1 2  .            -

        .   

 

16.             : 
4

4 1 

  )    (    
2

2 0 0 1 

   3   .            

17.                                         0 

                 .
)       :   (0 1 1 . 1  

    1 2       .       
.                                           u�x� = �1+3x�1/2 �1 

18:          . 
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0  

   w(0)=w(l)=0.w(x)     .    l=10m 1 g=9,8 m/s2  
T=98N        .l/4         .      

      .     . 

1 1 10  

2 1 10 2
3
10  

3 1 10 2
3
10 3

5
10  

  :     
10

20  

              

19.               
0 1 2 2          

20.  :       
2

2
1
4 0 0 0 0 1  

         ).        
(     

0 1 2 2 3 3 

21.  :       
1 0            1<x<2 

1 1 2 1 1 

     (0 1 2 2          
  

      (         
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       ( )  ( )    ( :    

1 1
2 1 

22.    :         
2 1

12 110 351 2 204 3 30 4 0 4  

0 1 4 0  

                 
     .     .          

1
24 24 110 117 2 34 3 3 4  

 
23.                 

           :        
                                       

    3 0    0 1 3 0    
4 3      .  :          

400  0 .                
  10 .      

     (           
       5  10      

    (100            .    
.        

                  
                 -

 
     1(               

 .               
2(         3(     

           4(     
            .    
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4-8         
      :   

1 2                                                                                     )4-53(  
 

    
1 1            1 1                                                                           )4-54(  

2 2               2 2  
)      4-53:    ( 

1(   :    

 )4-55(                                

0 1  

0 

 

                                       )4-56(  

2 (    :  

 1 1                          )4-57(   
    

       

1
 

 

 

 

 

         )4-58  (                                        
:      
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1  )4-59(                               

    
)4-60(                                                                                               
 3 (                  
 

1 1 2 2
2

1 )4-61(                 
1

2

2 1
2

2
1

2 1

1 )4-62(                 
1 1

2 1

1 2 1
2 1

1 )4-63(                 
11 12
21 22

1
2

1
2

                              )4-64(  

4 (               
: ���   ���     : 

� 0 1 2 0 1 2 2                                                    )4-65(  
       ���   ���   . 

        ���(e)  (e)  f          
2 1

2   :     
 

: 
11

12
1

1 22
1

2
3                     )4-66 (                               

2 1   .    :   

12 3                                                                                                       )4-67(  

12 21   11 22  )4-68(                
 

1
2

2 1

2
1 1 2   )4-69(                    

2
1

2 1

2
1 2 2 )4-70(                
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                ) .  
   (     

3 6

6 3

1
2

2

2

1
2 )4-71(               

:      
5(             

              
 . 

6  (      
7   ( 
8(       )     ( 
9(               

10(      . 
 

13.    :                 

� 
2

2 �2               0<x<1, 0 1 0 

       .    ) ( 2 2 
:         :   

=1 ,     =0      ,       f=2     
1 1
1 1

1
2                      

    =1 1 :   
1 1
1 1

1 1
1

1 1
1

1 1
2

1
 

  1 0 2 0    
1 1
1 1

0
2

1
1 1

0 2 1 

  
1 1 1

1
1 2 1

1
2 0× 1

1
1 1×

1 1
1

1
1

    :1 0 2 0 5 3 1 
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1 1
0 5

1 1
1 1

1
1 2
1 2

1
11

11
1

 

2 1
0 5

1 1
1 1

2
1 2
1 2

2
11

11
1

 

        : 

2
1 1 0
1 2 1

0 1 1

1
2
3

1 2
1
2

1
2

1 2

1

21 12

22
 

:    0 22    :        
4 4 2 3 1 

2 2 2 3 0 5 

:     2 3 4 3 1 .:            
3 2 0 1

2
1

2
1
2 1

         , 
3
2 0 1

2
1
2

1
2 1 

     :             
:    

4
1 1 0
1 2 1

0 0
0 0

0 1 20
0

0
0

1
0

1 0
2
1

1
1

1
2
3
4
5

1
4

1
2
2
2
1

1
1

000
1
4

 

   1 0 2
4 0 :                               2

7
16 3

3
4 4

15
16 5 1 

:       

7
4 0 1

4
10 1

8
1
4

1
2

6 3
8

1
2

3
4

3
4

3
4 1

    ,   

7
4 0 1

4
5
4

1
4

1
2

3
4

1
2

3
4

1
4

3
4 1
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 4-32    13 .          .      

14.        : 
2

2         0<x<1         u(0)= u(1)= 0 

          
:   :                           = 1 1 1

1 1 

:                                                                       F 2
1

 

 :       

F 1 = 0 13610
14792 ,  F 2 = 0 17467

0 18994 ,  F 3 = 0 22439
0 24389   F 4 = 0 28813

0 31315  

                .   
: 

8 2 4 3 0 32268
4 2 8 3 4 4 0 41433

4 3 8 4 0 53202 2 0 1455 3 0 2104 4 0 1717 

 
15 .            

2
2+u+x=0          0<x<1          u(0)=u(1)=0 

     :                                                                1 
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: :     =-1  ,  =1  ,  f(x)= - x   :        
1

3
1

6
1

6
1

3
 

 f(x)            : 
1

1
1

2
2 1

1
6 22 1 2 2 12

2

1

2

1
 

2
1

2
1

2 1

1
6 2 22 1 2 12

2

1

2

1
 

     1 2 0 5, 1 0 2 0 5 3 1:     

1 2 1
12

22 25
25 22 , F 1 1

24
1
2

2 1
24

4
5  

   :    
1
12

22 25 0
25 44 25
0 25 22

1
2
3

= 1
24

1
6
5

1
0

3
 

     1 3 0 : 

1
12 44 2

1
24 6 2

3
44 0 06877 

    x=0,5 �(0,5�=0,0697 

 
: 

24.              : 

 2
2=2           0<x<1      ,    u(0)=0       ,    1 1 

: 3=2  , 2
5
4  , 1=0 

25.           . 
)0( 0  = 1 
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26 .           . 
2

2+u+x=0             0<x<1      �u(0�=u(1�=0 

27.  :       
( 2 )= 2 

   u(a)=Au(b)=B  C,B,A    .       
.      

28. .           
2

2  

   f .      .   

29.  :            

2

2  

0 1 2 

 1 2 .           .       
.      

30.  :       
1 0 1 2 

   2 1 1 1 

    ( 
         (  

              ( 
(            . 

31. :        
1 0 1 2 
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   u(2)=2 u(1)=1 

    ( 
       ( 
      (      

(          . 

32.         .   
1 0 1 

:                      0 0 1 1 0 

33.      0 0 1  0 0 .         

34.              . 
2

2 0 5 0 10 5 5 

3 6 2 12 
  :     

 
1 2 1 5  

1 2 3 2 12 5
2 10 1 1 15 10 5

5 5  
35 .     :           

 2
2 1 2  

1 2
2

0 5 

   .                   
   .       

 
 
4-9  :        

  )  ( 



                                             :                ���                                                        

346  

 

                1     
   .        2     

        .     . 
 

1 2 3 2 1 1 2 2 3 3
3

1 )4-72(                             

12 3  12 3     .        

: )  (    

1
2 3

1 2 1 3
 

2
1 3

2 1 2 3
 

3
1 2

3 1 3 2
                                                                                                                         )4-73(  

            

                                                                        )4-74(  

         � 

3
3 2 1

2 30
10 2 5 1

2 3
1

2 1 60
5 2
2 1 3

3 2 3 1
1 60

10 2 10 3
1

3
1

2 1 2 30
1

2 1 2 3
1

1 2 60
5 2
1 2

3
3 2 6 4

1 2 30
10 2 15 6

1 2

 

 

1
2
3

6
3 1

6
1

1

6
2 3
1

1

0
3

 

2 1
3 1 )4-75(                                                                                             
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         r           
       .          

   .  1
2 :   

7
3

4
30

8
3

2
30 3 30

16
3

16
30

8
3

2
30

7
3

4
30

1
2
3

6
4
6

6

1

0
3

                                                               )4-76(  

 
3

1
1

2 2 3
1 2 1 3

 

 

2
2 1 3

2 1 2 3 3
2 1 2

3 1 3 1
                                                                                 )4-77(  

16.     :      
2

2 2 0 1 0 0 0 

       .          2 2  .
102 :        

7
3

8
3

1
3

16
3

8
3

7
3

1
2
3

1
3
4
3
1
3

1

0
3

 

  :     
16
3 2

8
3 3

4
3

8
3 2

7
3 3

1
3 

     :        

2
3
4 3 1 2 2 

36.        .           .
      (      ( ) .    
  .         3      .   
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37.        3 1 2 0 1 1       .
.         

38.        2   0 .   

39.       37 38           
       . f .       

4-10          
 4-33 .     : 
       x=0 )��������( 

�(��:       
(�� :  

�(��:  (���� ������    
      (x)          .   x 

:   
2 0                                                                              )4-78(  

  
2 0  )4-79(                                                                                                                        

   :       
0                                                                                        )4-80(  

 
4-33      
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(x)=   (x)=       )4-80( 
 : 

)+b(x)= 0 0<x<    )4-81(                             

        :   (      ) 
)4-82(                                                                                                             0<x<  -  (EA )= b     

     )�� �� �( : 
)4-83(                                                                                                                     (0)=(E )x=0 = 0

0 =  

  )�� �� �( : 
)4-84(                                                                                                                          u( )= 

) (             x)     
   .(           .      

        .             
              . 

               .    
 =�� =0  ���        .     -

                  
.  

17.             4-34  .  
: A(1)=2cm2,A(2)=1cm2, (1)= (2)=10cm ,E(1)=E(2)=2 106kg/cm2 , F3=1 kg 

 
1 1 1

1
1 1

1 1 = 4 105 1 1
1 1  

2 2 2
2

1 1
1 1 = 2 105 1 1

1 1  

[K]= 2 105
2 2 0
2 3 1

0 1 1
 , [F]= 

1
0
1

 

4-34  
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   u1=0      . : 

u2=0,25 10-5cm,    

u3=0,75 10-5cm 

:   
1 = u1 1

1 +u2 2
1  0,25 10-6(x-10) 

2 = u2 1
2 +u3 2

2 = 0,25 10-6 (20-x)+0,75 10-6(x-10) 

  :    
1 =

1
 = 0,25 10-6, 2 =

2
 = 0,5 10-6 

   : 
1 =E(1) 1  = 2 10-6 0,25 10-6 = 0,5 kg/cm2 

2 =E(2) 2  = 2 10-6 0,5 10-6 = 1 kg/cm2 

  )1(     : 

2 105(2 u1-  2 u2 + 0 u3)=R1 =>R1= -1 kg 

18 .  4-35       .         
:  .         

l(1)=100 cm ,  l(2)=80 cm ,  F3=100 N , 1 = 2 =1 cm2, 3 = 9 cm2E(1)=E(2)=E 

 
 

 

4-35  
 



       A������� �A���A�                                                                                                                      

 

351  
 

2 = 2 1
2 5 

[K](1)= 
1 1

1
1 1

1 1  [K](2)= 
2 2

2
1 1

1 1  

[K] =E

1
100

1
100 0

1
100

1
100

10
160

10
160

0 10
160

10
160

 

:      

E

1
100

1
100 0

1
100

1
100

10
160

10
160

0 10
160

10
160

0
2
3

=
1

0
100

 

19 . 4-36  F=600 KN  2        .
   .      . 

E=20*103 N/mm2 

            �    .   
     .    uB=1 8   .      

       : � u1=0u3=1,2 mm.     : 

 
4-36 

 

 
4-37  



                                             :                FEA                                                        

352  

 

��� = 20 103 250
150

1 1 0
1 2 1

0 1 1
 � F=

1
600 103

3
 

 u2=1,5       1 200  2 40   -

  : �1=�500��  �2= �100��. 

20.         .            
  .         F=30KN        (  .

     (  .                
.       

1 =1200 mm2  ,  1 =200 Gpa  1 =4,5m, 2 =900mm2 , 2 =70 Gpa ,  2 =3m 

    3  4   u3=u4=0 .                 
u1-0.4u2=0     u1  u2          .    -

  )multipointconstrain� .(    :   
 

1 = 200 103 1200
4 5 103

1 1
1 1  

2 = 70 103 900
3 103

1 1
1 1  

[K]=103
53 33 0
0 21

53 33
0

0
21

53 33 0 53 33 0
0 21 0 21

 

     �F�= 0 30 103 0 0 T.           

 �a�= 0 4206 1 0517 0 0 T mm 
 :        

                                        1=200 1030 4206 10 6

4 5  = 18,693 Mpa 

2=24,54 Mpa 
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40.  4-38 .       A=1,2 cm2    E=200 Gpa -

  .u1=0,02 cm  u2=0,025 cm   (  :   P       (
   (     (. 

41.      4-39      .     
   :  .     

A2=400mm2 , A1=250mm2 , L1=L2=150 mm , E=200*104
2
 , F=300 KN , 

L3 =300 
 

42  .4-40          
. 

L1=L2=150mm , L3=L4=200mm , F1=300KN , F2=600KN , A1=250mm2A2=400mm2 , =3,5mm 

 
  4-38  

 
 4-39  

4-40  
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4-41  

 
4-42  

 
43 .    4-41  A .        E=100 Mpa  

     0.06 3  .      . 
 

44      . 4-42      

 = 1+ 2x+ 3x2     .EA .   
 

: [K](e)� 3

7 8 1
8 16 8

1 8 7
 

45 .              fx 
  .    )4-43.( 

 :Ff= 6 1 4 1 T 

 
4-43  

 
4-44  
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46.             4-44  
.         

: Ff= 6 1 2 2 2 3 3 T 

 
4-11   

                 .
              0    

  : 

0  )4-85(                            

                  .
:    

0 )4-86(                            

           : 

0 )4-87(                           

  
0 )4-88(                           

)  4     (    0      
    .       .    

0
2

1 0
2

1 0 )4-89(                                    

         : 

1 0
1

0
2

1
 )4-90(                            

         
2 0

1
0

2
1

                                                                     )4-91(  
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4-45  

            1  2   0 
0              .   

     :  
1 1
1 1

1
2

2

2

1
2 0

1
1      )4-92(        

21:       4-45     80  
 .    .     

1 2400 2 2 1200 2 3 600 2 2 60  
3 75 1 83 2 70 3 200  

1 18 9 10 6 1 2 23 10 6 1 3 11 7 10 6 1  

  : 

[ 1 1 1 1
1 1

2 2 1 1
1 1

3 3 1 1
1 1  

  : 

1 1 1 1
1 1 1

2 2 2 2
2 2 2

3 3 3 3
3 3 3  

    : 
1

1
1

1 2
0 0

2 0
0 2 2 3 3
0 0 3 3

 

 
1 1 1

1 1 1 2 2 2 2
2 2 2 3 3 3 3

3 3 3
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103
249
249

249
389

0 0
140 0

0 140 440 300
0 0 300 300

0
2
3

0
103

301 2
86 6
32 7

112 3

1
00
4

2 0 221
3 0 004 

       : 

 

3 0 93 10 3 2 2 22 10 3 1 1 24 10 3 

:   

 
3 185 17  
2 155 08  
1 102 54  

1 241 171  
4 111 1  

APDL  .       

/PREP7
ANTYPE,STATIC 
ET,1,LINK1
R,1,2400
R,2 1200
R,3 600
MP,EX,1 83E3
MP,ALPX,1 18,9E-6
MP,EX,2 70E3
MP,ALPX,2 23E-6
MP,EX,3 200E3
MP,ALPX,3 11,7E-6
TREF,25
N,1
N,2 800
N,3 1400
N,4 1800
E,1 2
MAT,2
REAL,2
E,2 3
MAT,3
REAL,3
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E,3 4
D,1,ALL 

D,4,ALL 

F,2,FX,-60E3
F,3,FX,-75E3
BFUNIF,TEMP,105
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
PRNSOL,U,X 
PRRSOL 
ETABLE,STSX,LS,1
ETABLE,STRX,LEPEL,1                    !STSX=STRESSES 
PRETAB,STSX                                     !STRX=STRAINS 
PRETAB,STRX 
FINISH 

22.       4-46  .      
A=0,1in2       Q=4000 lb    T=10 oF  

 .APDL   .     

Ec=16 106 psi 

c=92 10-7 ,  Es=30 106 psi,  s=70 10-7  

 
  in20     "10    oF70Tref=.       

  . 
 

 
4-46  

/PREP7
ANTYPE,STATIC 
ET,1,LINK1

R,1 0. 1

MP,EX,1 16E6

MP,ALPX,1 92E-7
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MP,EX,2 30E6

MP,ALPX,2,70E-7

TREF,70

N,1,-10

N,3 10
FILL 
N,4,-10,-20

N,6 10,-20
FILL 
E,1 4

E,3 6

MAT,2

E,2 5

CP,1,UY,5 4 6 !coupling of nodes 

D,1,ALL, , ,3 !boundary conditions and loading 

F,5,FY,-4000

BFUNIF,TEMP,80 !uniform tempreture (TREF+10)

FINISH 
/SOLV
OUTPR,BASIC,1

OUTPR,NLOAD,1

NSUBST,1
SOLVE 
FINISH 
/POST1

ETABLE,STRS,LS,1
PRETAB,STRS 
FINISH 

 
  :  

s�ress in s�eel=��3�=19 695 psi,  ��ress in copper=��1�����2�=10152 psi  

             . 

 
4-47  
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: 

47.              . 
 3

2
   .  .         

4-12    
              .   

            .     
    .            

   T(x)              .   
            .       

          1      .
            T(x)      

   . 

0 )4-93(                           

  :      

)4-94(                                                                                                                                       
 : 
 )4-95 (                                                     

           :1 0  2     .
    )(    :. 

0 0 0   )4-96(                                               

     :    
2

2 )4-97(                                   

            (e) 
  :    
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3 6

6 3

1
2

2

2

1
2

                                        )4-98(  

 
23 .                   

          .            .  
   

300 60 4 1 2 
     5        .        

    : 
29 23
23 29

1 24
24  

   :     

29 23 0
23 58 23
0 23 58

0 0 0
0 0 0
23 0 0

0 0 23
0 0 0
0 0 0

58 23 0
23 58 23
0 23 29

1
2
3
4
5
6

 � 

24
48
48
48
48
24

 � 

1 1
0
00
0

5 2

 

     1 6 0 :      
 

    
0 0 1 

1,8173 1,8548 2 
2,5444 2,5903 3 
2,5444 2,5903 4 
1,8173 1,8548 5 

0 0 6 

  2 :    
1

 

: 
48. 23 .                   
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4-48  

 49.     .            :
0 10 10 0

  =10m 98 1 9 8 2          

     .               . 

50 .     100 N =T         )4-48(  .
             .m/N 0,5       .

  kg30 =1F    m16=x       . 

        8       .       
                .  : 

w(0)=w(20)=0      ( x=8 .     (     
   ( F(0),F(20) ) ..           

 51.            .   
0 10 10 0 

  24 5 210 98 1 g=9,8 m/s2          .
    .      .   

 52.        .      m 100   .
     5km/h   .          :     

                     
  c   0,5=A=

2

4g=9,81=100 m .  (N/m)    
         f :                            1

2
2          
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 f    0,00251 3  0 C 1atmC�     3,1    
 5mph  (7,3 ft/sec) .    (       ( .   

         .          
            )        

         ( 
4-13     

 

 4-49                 
                    

.            x        
    )q(x)  2     .  (     

)        Q(x)    (    3 
 .Q�0     (���� ���k) . 
 4-50        �      

                   
  .               A  

 �                  .
         .          

)4-99(                                                        
 

 
4-49                                                     4-50  
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:     

 )4-100(                              

  T(x)     k(x)        .   
:    

  )4-101(                                                                                                      

     :   

)4-102(                                                                                                                       

   :   T 
   :   q   

      :      

(x)=k(x)A(x)  ,  (x)=0  , f(x)=Q(x)A(x)              )4-103(                         

 kA  QA          (e)  :      

1
2

2

2

1
2

)4-104(                                                                                   

44.    0,2  100   x=0     .    
   3 106 3        1 8 106 2   

x=0,2      .      6000 . 
0 4 10 3 2                  

. 
       :     

60 1 1
1 1

1
2

48 2
2

 

:          
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-60 -60 0
-60 120 -60
0 -60 120

0                0 0
0                0 0
-60          0 0

0      0 -60
0      0     0
0      0     0

120 -60      0
-60 120 -60

0 -60 60

1
2
3
4
5
6

24
48
48
48
48
24

1 1
0
00
0

5 2

 

5 2 1 8 106 0 4 10 3 720  
           

3 106

6000 0 2 0 5 2 1 8 106

6000 100 
             

600 3 106

6000 0 2 1 8 106

6000  
      4-11.   

  4-11 
 

 

4-14    
               .   

                   
.                     

                 
 .                 

  

)4-105 (                                                                  

 
  106

2  

     
1 100 100 1 �1,26 �(0)��1,2 

2 91,6 91,6 2 �1,38 �(0,02)��1,26 

3 82,4 82,4 3 �1,5 �(0,04)��1,34 

4 72,4 72,4 4 �1,62 �(0,06)��1,38 

5 61,6 61,6 5 �1,74 �(0,08)��1,44 

6 50 50   �(0,1)��1,5 
 �(0,12)��1,56 

�(0,14)��1,62 

�(0,16)��1,68 

�(0,18)��1,74 

�(0,2)��1,8 
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4-51

      

)4-106(                             

              h  
   2 P  .          

: 

)4-107(                                                              

    .  ( )         .
     0              

     . 

0 0                                                                              )4-108(                               

              . 

0 0    )4-109(                                                                                                           
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25.            .          
. )R= 1cm   k=70 w/cm h=5 w/cm2( 

�      �   �     ��0�   a1=T1,        a2=T2 

   :         

3 6

6 3

1
2

2

2

1
2

 

 A= c2, p=2 c, r=1 : 
92 17
17 92

1
2

3000
3000

1
2

 

     2 0  T1=140  2 58 5 

:     
1 0 0
0 218

84
143
168

0 143
168

109
84

1
2
3

   �   

140
13010

84
1500
84

   �   
1

0
3

 

 

26.     .     0 20     .
      800  25 2         .

.                                          k1�20 ��� � k2�30 ��� � k3�50 ���  �   ��25 ���2  �   800 
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         :     . 
Q(x) =0   1 0 )  .  (  

1 k1 1 1 1
1 1

20
0 3

1 1
1 1  

2 k2 2 1 1
1 1

30
0 15

1 1
1 1 66 7

1
10

0

1
4
3

0

0
3

8
0

0
05
5

 

3 k3 3 1 1
1 1

50
0 15

1 1
1 1  

  1       1      
. 

66 7
1 375

10
0

1
4
3
0

0
3
8
0

0
05
5

1
2
3

20

25 800
00
4

1 304 6 2 119 3 57 1 
 

4-15 (  ) :        

2 0 )4-110(                                                            

)4-111(               

0 1 ]                                                                           )4-112(  

0
1 0                                                                       )4-113(  

2  )4-114(                                                                                  
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:      

2
1

2
1

2
1

)4-115(                                      

    

2
1

2
1

2
1

)4-116 (                                           

.         

1
1

1 1
1 1

1
1

2
1

1
2
1

2

1
1

2
1  )4-117(              

27 .      S=5wm-1 .         
 A=0,1m2    k�2���� .   4 .    T(0)=0   
q(x=4)=5  4-55.               

.    
 

1 2 0 1 1 1
1 1 0 1

1 1 0
1 2 1

0 1 1
 

1 2
5 2

2
5 2

2

5
5

5
10
5

 

   2
2 0 5 : 

0 1
1 1 0
1 2 1

0 1 1

0
2
3

5
10
5

1
1

0
2
2

5 1
1

10
4 5

�� �2= 145 , T3=190 

1 2 2
1 145

2 1 72 5  

2 2 1
2

3 2
2 72 5 4 95 2  

1
72 5

2
22 5 
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4-55  

 
 
 
 
 
 
 

 
4-56

 : 

0 2 5 0 0
2

2 25  

0 0 4 5 4 4 2 5
2

2 25  

12 5 2 97 5  
: 

53 .    w=0,1m        )4-57(.  
      .          

 

: 
6 59 091 5 62 727 4 66 364  
3 70 2 73 636 1 77 273  

 
 4-57 
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54.                 
  : 

0  

0 0 0 0 

 :     
0 0 0 0 1 0 01 1 1  

25 2 1 0 50 5  

      .         x=l/2  x=l .    
  :3 5 179 2 27 59 

55       .    k3 ,k2 ,k1     .
       1234 .   

 1 50 1 1 2 30 1 1 3 70 1 1 
 

: 
2
2 155 11 2 1

1 217 16 2 4 45 341 3 50 881 2 68 977 1 84 489  

 
 

4-58  
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4-16   (Plane-poiseuille flow) 

         2L     .      -

    y  z    .Vy=Vz=0      x    y -

 )Vx=u(y)(      : 
0 )4-118(                                                                 

  
0                                   )4-119(                 

  Vx   x      .z    . Vx=u(y)   .
 (B)  -:    

( )= - +  
2

)4-120(   

:       
2

2                   )4-121(  

]        - = =0 p=p(x)= [ . 
   u(y)               

         ( )+ u-f=0-     

  , 0 , f=- =cte=q0 , x=y                                                                       4-122(  ) 
:              

=           )4-123 (  

   
)4-124(                      

 )4-125(                         

1 1 2 2  )4-126                (      
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      )  h=L:  ( 

1 1 0
1 2 1

0 1 1

1
2
3

0
2

1
2
1

1
1

2
1

1
2

2
2

                                                                                    )4-127(

:      

 1 :                                   0 1 3 0 

 2:                                   u(-L)=0 , u(L)=U0    U1=0 , U3=U0 
 

:           
2

0 2

2                                                                                     1:  
2

0 2

2
0

2                                                                                          2:  
    ) h=2L:  ( 

6
7 8 1
8 16 8

1 8 7

1
2
3

0
3

1
4
1

1
1

0
2

1
      )4-128(  

:     

  1                                            :                                                  2= 0 2

2 

  2                                              :                                       2= 0 2

2  + U0/2 

  :      

  1:u(y)= 0 2

2 (1- -
2
2)                                                                                   

  2                    :                                                       u(y)= 0
2 (1+y/L)+ 0 2

2 (1-
2
2)  

 
                   .

 y     .   
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4-17   
                 

    . 

1  )4-129(                                                                             
  

   a q    r         .    
    .   a q    r            

              3D  1D  . 

0 1                                                                                      )4-130(  

)4-131                          (                                        12
0

1
0

2 1                                                                                       )4-131 (  

0 2 2                                                                   )4-133(  

0 2 1 2         )4-134(  

 
1 2 2 2 )4-135(                

     1 :         

)4-136(                                                                                            
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2                                                                                                       )4-137(  

2   )4-138   (                                     

    1 2    : 

2 1
2

1 1
1 1

2
6

3
3 2  

   : 
1 2 2    )4-139            (                 

       

 
1  )4-140             (                                                                                      

 

 u=T  2  2    .         
   .    

28.      Ro             0 3 
     .    0   .      

.    

  )  (  

 :        

0 2 0 0  

:           
2  

2 0  
 :    

1 2 2 2  
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      0 0 :   

1 1
1 1

1
2

0
3 2

1
1

2
1  

    1 0 11 0 : 

1
0 02

3 0 21 2 1
2
3 0 02 0 02 

1 0 02

3 1
0 0

1 1
3 0 0 

:       

0 02

4 1
0

2
0

1
2 0 0 0 02 
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4-62  
 

4-18   
      4-62  :   

2
2 )4-142(                                               

2
2

2
2 0  )4-143(                  

 )4-144(                    

 :      

EBC  ( ) : w 

NBC:  (  )2
2

2
2 

   )   w)   (       (  
   .            

   . 

1
2

2
1

2
2

2 1
        )4-145(  

3
2

2
2

4
2

2 2
                                                        )4-146(  

   b=b(x)=EI  f=f(x)    x  .       
 : ) (     
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0
2

2

2

2
2

1
 

2

2
2

1

2

2
1

2
 

2
2

2
2

2
2

2
2

1

22
1

                                               )4-147(  

:        
0 2

2
2

2 1 1 1 2
2

1 2 3 2 4   
                                                                                                                                              )4-148(  

  (    )      

2 4 2 3 1 2 1 1                                  )4-149(  

      .     

1 2 3 2 4 3 4
1                                                               )4-150(  

        :   

1 1

2 1

3 2

4 2

1 1 3 1
2

2 1
3

2 1 1 1
2

3 3 1 2 2 1 3

4 1
1

2
1

                                                          )4-151(  

       »  «      
                     

   �w�              
  )-            .     (

:      

0
2

2
2

1
4

1
2

2
2

1
 )4-152(                                             
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)4-153(                                                                                                            04
1 

:     
2

2
2

1

2

2 )4-154(                           
2

1
                                                                    )4-155(  

 :   
11
21

12
22

13
23

14
24

31 32 33 34
41 42 43 44

1
2
3
4

1
2
3
4

1
2
3
4

                                                                                )4-156(  

    0     x0           
     : 

0 0                                                     )4-157(  

  3 1   ( )       4 2  
    .    b=EI  f :       

2
3

6
3

3
2 2

6
3

3
2

6 3 6 3
3 2 3 2 2

12

6

6

1
2
3
4

                                                   )4-158(  
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  .      

1
1

1 

2
1

2 

3
1

1
2

3                                                                                                                                    )4-159(  

4
1

2
2

4 

3
2

5 

4
2

6 

                

3 1  )4-160(                                                                               

4 2  

:           

11
1

12
1 1

13
1

14
1 0 0

21
1

22
1

23
1

24
1 0 0

31
1

41
1

0
0

32
1

42
1

0
0

33
1

11
2

43
1

21
2

31
2

41
2

34
1

12
1

44
1

22
2

32
2

42
2

13
2

23
2

33
2

43
2

14
2

24
2

34
2

44
2

1
1

2
1

3
1

1
2

4
1

2
2

3
2

4
2

                                    )4-161(  

 

      4-12        .-

.          

29.    4-64        1
2 . 

 
 4-64 
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4-12        
         

 
-     

 

0 0   . 

 

0 
      

 

 

w=0 
      

 

 

0 0 0 

 
    

 

2
3

6 3 6 3 0 0
3 2 2 3 2 0 0
6
30
0

3
2
0
0

12
0
6
3

0
4 2
3
2

6
3
6
3

3
2

2 2

1
2
3
4
5
6

0
12

6

12
0
6

11

21

0
0
0

0

 

     1 2 0 :      

3
4
5
6

3

2

12 0 6 3
0 4 2 3 2
6
3

3
2

6
3

3
2 2

1 0
0

0
1
2 0

0
1
2 0 2

6

5 2 0 3 0
17
4 0 3

9 0 6 0 7 0 2

16 2 0 12 0 12 0 3

12 0 12 0 8 0 2

   :    

11

21
2

3
6 3 0 0

3 2 0 0

3
4
5
6

0
12

6 0 2 0
2 0 2 0 0

 

:   
3 3

1
4 4

1 0
3 1

2
4 2

2
5 3

2
6 4

2 2
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       :    

 

2

2

4

1

2

2  

     :      
 

2 2
2

2

          .  

30.      4-65         
.     

1 2 107
2 

2 3 107
2 

0 2400  

 
 4-65 
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   :  
0 024 0 12

0 8
0 024 0 12
0 12 0 4

0 0309 0 0783
1 123

0 0
0 0

0 0
0 0

0 0069 0 042
0 0417 0 167

0 0
0 0

0 0625 0 125
1

0 056 0 167
0 167 0 333
0 056 0 167

0 667

1
2
3
4
5
6
7
8

12000
20000
12000
20000

0
000

11

21

31 12

41 22

32 13

42 23

33

43

 

   1 7 8 0 42 23 41 22 31 12 21 0 10000 32 13  
:    

2 0 03856  
3 0 2808  
4 0 01214  
5 0 1703  
6 0 02752  

 
1

1 18565 54  

3
3 15434 46  

4
3 92165  
1 2 2

1
3 3

4
4 4

1 0 10  
2 3 1

2
4 2

2
5 3

2
6 4

2 10 22  
3 5 1

3
6 2

3 22 28  

31 .    4-66         . 

2
10

4
2 100

6
400
6

2
90

120
200

180
 

144

27 54 27 54 0 0
54 144 54 72 0 0
27
54
00

54
72
00

27 8
54 24

8
24

54 24
144 96

24
48

8
24
8
24

24
48
24
96

1
2
3
4
5
6

0090
120

20
180

11

21

31 12

41 22

32

42

 

                 32 
     : 

144

35
30

30
240

8 24
24 48

8 24 8 24
24 48 24 96

3
4
5
6

90
120
210
180
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 4-66 

 
 4-67 

    144 .             
102 . 

3
0 1216 104

4
0 3765 103

 

5
2 132

6
0 7617 103

 

32     . 4-67.           

1
1 5
2

2 1 767 2  
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2
2
2

2 3 142 2  

1 64 1 5 4 0 985 4  

2 64 2 4 0 7854 4

30 106  
1 7 455 106 2 2 23 562 106 2 

     .              -

: 

2
3

6 3 6 3
3 2 2 3 2

6
3

3
2

6
3

3
2 2

 

            : 
2 200 2

12 6 2 6 2

  :    

1 398 2 796 1 398 2 796 0 0
7 455 2 796 3 728 0 0

2 707 1 31
23 16

1 309
3 927
1 309

3 927
7 854
3 927
15 71

1
2
3
4
5
6

00600
600
600
600

11

21

31 12

41 22

32 13

42 23

33

43

 

    3
2

6 2 1 0    3
1

1
2 0  4

1
2

2 0 
:   

3 0 00252 4 0 00083 5 0 00546  

3
2 0    0. 

 APDL    :     
/PERP7
ANTYPE,STATIC 
ET,1,BEAM3
R,1 1,767 0,2485                                            !A=1,767 , IZZ=0,2485
R,2 3,142 0,7854
MP,EX,1,3E7
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MP,PRXY,1 0,3
N,1
N,2 4
N,3 10
E,1 2
REAL,2
E,2 3
D,1,ALL 

D,3,ROTZ,0
F,3,FY,0
SFBEAM,2 1,PRES,200
OUTPR,BASIC,LAST 
FINISH 
!* 
/SOLU 
SOLVE 
FINISH 
!* 
/POST1
PRNSOL,U,Y 
PRNSOL,ROT,Z 
PRRSOL,F 
FINISH 
!* 
 

32.  30"WF      50 65 2   4-68     
       .    10000 12    

        .       
7892 4 30 106  

               .       
   .     BEAM3     .APDL   

 : 

 
 4-68 
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/PREP7
MP, PRXY,1 , 0,3
ANTYPE, STATIC 
ET, 1, BEAM3
KEYOPT, 1, 9, 9           !output at 9 intermediate locations 

R, 1, 50,65, 7892, 30
MP, EX, 1, 30E6
N, 1
N, 2, 120
N, 3, 240
N, 4, 360
N, 5, 480
E, 1, 2
EGEN, 4, 1, 1
D, 2, UX 

D, 2, UY 

D, 4, UY 

SFBEAM, 1, 1, PRES, (10000/12)

SFBEAM, 4, 1, PRES, (1E4/12)
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
SET, 1, 1
PRNSOL, U, COMP 
PRNSOL, ROT, COMP 
PLDISP, 1
ETABLE, STRS, LS, 3
PRETAB, STRS 
FINISH 
!* 

 :           

11 404 0 182  

 
 4-69 
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32  .       T       
 .     

       4-69 .    =2000 4, A=6 2 E=3 106 100000   
     BEAM54   (    )ANSYS  APDL  
:      

 
/PREP7
MP,PRXY,1 0,3
ANTYPE,STATIC 
ET,1,BEAM54
R,1 60 2000 14 6               AREA,Iz,DISTANCE TO TOP AND BOT HEIGHT

MP,EX,1 30E6
N,1
N,2 100
E,1 2
D,1,ALL 

F,2,MZ,100000
FINISH 
/SOLU 
NSUBST,1
OUTRP,ALL,1
SOLVE 
FINISH 
/POST1
ETABLE,STRS.B,LS,3
ETABLE,STRS.T,LS,2
PRETAB,STRS-B 
PRETAB,STRS-T 
FINISH 
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4-19   -  
            : 

1 0 1 0
0 0 0 0
1

0
0
0

1
0

0
0

                                                                                              )4-162(  

                 . 
     .(AE)  (EI)     (q)   

 (f)            -  
      : 

 

   

1
1
1
2
2
2

1
2
1
2
1
12

2

1
2
1
2

1
12

2

1
2
3
4
5
6

                                                                         )4-164(  

 f=f0  q=q0 :     

2
3

0 0 0 0
0 6 3 0 6 3
0
0
0

3
0
6
3

2 2
0
3

2

0
00

30
6
3

2
0
3
3 2

2

2                                                          )4-165(  

             
    0           .

  : 

0
0

0 0 1
                                                                                             )4-166(  
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)4-167(  

  

                                                                                                                               )4-168(  

   

                                                                                                                                )4-169(  

:   
                                                                                                                            )4-170(  

                                                                                                             )4-171(  

  
                                                                                                          )4-172(  

            : 

                                                                                                                   )4-173(  

:          

 )4-174(                                                                                                               
 

 
 4-71 
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      :         

1

2
3
4
5
6

0
0

0 0 1
0

0
0
0

0 0 1

1
2
3
4
5
6

                                                 )4-175(  

:            
 

2
2

2 6 2

6 2 6 2

3 3 2 2
2 6 2 6 3

6 2 6 2 3
3 3 2

2 6 2

6 2 6 2

3 3 2 2

                                  )4-176(  

2

2  )4-177  (                                                                  

:       
1

2

3

4

5
6

1 2
1 2

3
4 5
4 5

6

                                                                                                                                )4-178(  

35 .    

1 90� 1 144 1 10 2 1 10 4  

1 106 1
72

1 
 

2 36 87� 2 180 2 10 2 2 10 4  

2 106 2 0 

   2   2 2 2    23         .
       . 
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 4-72 

1

0
1
2 6 12

1
12 6 12 122

0
1
2 6 12

1
12 6 12 122

0

240

24

 

 

1
2 12

5
2

2

2
2

1
2

12
5

15 15 2
15

12
10  

2
2 16

5 1 3 0 5 2 2 0 5 3 16
10  

3
2 16

5
15
2 1 0 5 2 12 72  

4
2 12

5
1

2

2
2

1
2

12
5

15 2 0
15

12
10  

5
2 16

5 3 0 5 2 2 0 5 3 16
10  

6
2 16

5
15
2 0 52 0 5 12 72  

 
      Z-X :    

1
024
024

 

)  2  (        Z-X )  1)  (2( 
   : 

12
10

12
15

16
10

9
15  
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12
10

9
15

16
10

12
15 2 4  

72 24 48  

   :           1 2 3 7 8 9 0 
               1     

  2   . 
 

105
0 356 0 2666 0 0178
0 2666 0 8846 0 0148
0 0178 0 0148 5 000

4
5
6

1
4

48
 

 
4 0 839 10 4

5 0 681 10 4

6 0 961 10 4
 

 
            : 

 

    : 

1

4 731
0 725

10 9
4 731

1 275
50 45

2

1 458
0 180

21 550
1 458

0 180
10 870

 

 
56  71       . 4-61  4-76    -  

    
    ( 

(         
)      (  (   )    (

          .        
  2

2   c        ��     
     .   (           

.     
 



                                             :                ���                                                        

394  

 

 
 4-73 

 
 4-74 

 
 4-75 

 
 4-76 

 
 4-77 
 



       Advanced CAD/CAM                                                                                                                     

 

395  
 

 
 4-78                                                   4-79 

 
 4-80                                                         4-81   

 
 4-82                                                     4-83   

 
 4-84 

 
 4-85 
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 4-86 

 
 4-87 

 
 4-88 

 
72.           ) k    (

            .     - 
 .   

7377.         4-89 4-93  :   

(      (  
 (    .       

 

 
 4-89 
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 4-90 

 

 
 4-91 

 
 4-92 

 
 4-93 
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4-20       
               

 : 
0                    0<x<  )4-179(  

b) 0 0                  N.B.C )4-180(  

c) u( )=                                              E.B.C                                                                                           )4-181(  

             » 
«        . »   «  .

                  
      w(x)           

 : 

a)    0 00  )4-182(                            

b)    (wA (E 0 0                                                                                                            )4-183(  

          w( )=0       )
     .(           

����                  
      .            

       w(x)   )(w( )=0         
.           .         

 E.B  » « .  

       � 0 1      0  
(  )          ) 1(  )2   (12 

: 
1 1 0 1 1  )4-184(                                                                                                           

  
� 2 2 0 1 2  

     :   
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(x)= 1 0

1
                                                                                                         )4-185(  

  :  

 )4-186(                                                                                        1

1
=

1 1
1 2

0

1
 

 
  :   

1                                                                                                                                     )4-187(  

               
   )(x       .    0 1 

      .    

1
1 2

1

2
                                             )4-188(  

 

2
1

2 1
1

2
2 1

                                                                             )4-189(  

     : 

1 1 2 2 1                                                                      )4-190(  
 

 :            
  )4-191                           (                                                                                             

11                            )4-192(  

            :   
1

1
2

2 1 2 1

2
 

)4-193(                                                                                                                                                     
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1 2 1 1

                                                                                                   )4-194(  
                 . 

:    

       ,    =                                                                    )4-195(  

         :     
1 1 � 2 2 )4-196(                           

    

)4-197(                                                                                  w(x)= 1 1 2 2 
   :   

1
1

1
1 1                                                           )4-198(  

:         

1
1

1
1 1                                                             )4-199(  

   :    

1
1                                                                                                                              )4-200(  

   

 )4-201(                                                                                                           
     :               

1 1
1

2
1

1 0 0
0 1 0

1
2
3

1   )4-202(  

 
2 1

2

2
2

0 1 0
0 0 1

1
2
3

2   )4-203(  
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  1 1 1 2                                                                                                                           )4-204(  

1
1

2
1 1 0 0

0 1 0 1
2

2
2 0 1 0

0 0 1  

1
1

2
1

1
2

2
2   

       .     
        .         ( ) 

     :   

1
0

1
0 0 0                                                                   )4-205(  

            :     

2
1

2
1 0

1
1 0                                                                                 )4-206(  

:     
                                                                                         )4-207(  

                                                                                 )4-208(  

:           

2
1

2
1 0

1
1 0                                                                              )4-209(  

      
2

1
                                                                                                             )4-210(  

:     
2

1
                                                                                                )4-211(  

    .   :      
 

1
1

1
1 0 )4-212(                          
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    1
1  1

1         
 : 

0                                                                                                                                      )4-213(  

   )r  (           1 0  1 0  
: 

2 2 3 3 0                                                                                                                            )4-214(  

     2  3  3 2 0 :   . 

1
0
0

11 12 13
21 22 23
31 32 33

1
2
3

1
2
3

                                                                                                          )4-215(  

               .    
  . 

  :         ( )       
2

2 1
1

2 1

1
2 1                                                                   )4-216(  

 
1 1 1                                                                                                                                   )4-217(  

 

2
1

      )4-218(  

  1 1
1

2
1

1 1 1 1 1
1 1  

�    1
2

 (   

2
1

2
1 6

2 1
1 2

1
2

                                                         )4-219(  
 

36.   4-94              
.                         

    8 5 24 8  
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 4-95  .(   )    (  )      

    :      

1
1 2

1
3

1

2
1

1
1

3
1

1
1

4 6
8 1

1 1 2 5  

2
1 1 4 2 6 2

1 1 2 4  

3
1 2 4 8 3

1 3 4 

:         
1 12

1

1
1

1 1 1
 

1 4
5

8 2
3

2 8 1 4 5 8 2 3
6

2
 

5 2 5 8 2 5 3
8 2 5 8 2 2 8 2 3

5 3 8 2 3 3 2

6

2
 

26 67 32 5 33
85 33 53 33

48
 

1 12

1

1
5 

0 125 4 6
0 25 2 6

0 125 2 4

6

2
8

0 125 4 6
0 25 2 6

0 125 2 4 5

24 

2 33
39 33
14 33
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 4-94  

   :    

26 67 32 5 33
32 85 33 53 33

5 33 53 33 48

0
2
3

2 33
39 33
14 33

2 2 1193 3 2 6534 

    :     

1 1
1

2 2
1

3 3
1 0 19815 2 2 24855 3 7045 

3 17 17 99 

 
4-21      

      (   )        
       .       :   

1  (      
2  (        
3  (          
4        ( 
5     (   
6   ( 
7.       ( 

               : 
2

2 0 0 0                                                             )4-220(  

:         
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0 00                                                                )4-221(  

         e:        

1
2 1 2 1

2 1 2 1
2 1 22

1                                        )4-222(  

          x     .: 

1 1
1 1 2

1 1
1 1 6

2 1
1 2                                                                          )4-223(  

:         

2
1

1
2

                                                                                                                        )4-224(  

  f(x)=f    :   

2
1
1                                                                                                                                           )4-225(  

4-21-1    
     FEA  :   

-     
-     
 -         
-    :            
-      
-     f. 

                 
          .         

                 
          .          .

         nnode=6     nel=5  .  
         x       .gcoord 

       0<x<1 :   
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gcoord(1)=0,0;                   gcoord(2)=0,2;                    gcoord(3)=0,4; 

gcoord(4)=0,6;                    gcoord(5)=0,8;                    gcoord(6)=1,0; 

     nnel=2       ndof=1       .
:       

Sdof=ndof*nnode 

               .    
»  «       .      

          .         
  .                 

       nodes     .     .
                   .

    i      i   (i+1):  .    

Nodes(i,1)=i+1                   nodes(i,2)=i+1                       i=1 2 3 4 5 

  .  (  )            
         .         

     .          :     
bcdof(1)=1 ,            bcdof(2)=6 

 bcdof               .bcdof  
                16   .

       bcval :      

bcval(1)=0,0,          bcval(2)=0,0 

       1       6       .
       .  1=    1-= 2=      .

 1=f  . 
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4-21-2      
                  

    .          index      
  )      2      .  ()  (nodf=1  

  index   nods . 

  i               :                                                         Index(1)=i                  index(2)=i+1 

         . 

  kf  .          kk  ff      
 index  .        k f kk ff     -

    .   . 

edof=nnel*ndof;                       % edof=number of degree of freedom per node 
for ir=1:edof;                           % loop for element rows 

       irs=index(ir);                     % address for the system row 
        ff(irs)=f(ir);                       % assembly into the system vector 
for ic=1:edof;                                       % loop for element columns 

       ics=index(ic);                                 % address for the system column 
       kk(irs,ics)=kk(irs,ics)+k(ir+ic)      %assembly into system matrix 
end                                                         %end of row loop 
end                                                         %end of column loop 

4-21-3  
     n       n      

        .           
 . 

for ic=1:2                          % loop for two constraints 

id=bcdof(ic);                     % extract the degree of freedom for constraint 
val=bcval(ic);                   % extract the corresponding constrained value 
         for i=1:sdof;            %loop for number of equation in system 

         ff(i)=ff(i)-val*kk(i,id);         % modify column using constrained value 
         kk(id,i)=0;                          % set all the  row to zero 

         kk(i,id)=0;                          % set all the  column to zero 
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      end 
      kk(id,id)=1;                  % set the  diagonal to unity    

      ff(id)=val;                     % put the constrained value in the column 
end  

                 .
:       

u=kk’\ff; 
 kk’     .        (u)    

     (  ). 
ff=kk*u 

:       1= 3-= 2=     1f(x)=    
   1x0            .   

             . 

%-------------------------------------------------------------------------- 
% EX3,5,1.m 
% to solve the ordinary differential equation given as 
% au"+bu'+cu=1 0<x<1 

% u(0) = 0 and u(1) =0  

% using 5 linear elements  
% 
% Variable descriptions 
% k = element matrix  
% f = element vector 
% kk = system matrix 
% ff = system vector 
% index = a vector containing system dofs associated with each element  
% bcdof = a vector containing dofs associated with boundary conditions  
% bcval = a vector containing boundary condition values associated with 
%             the dofs in bcdof 
%-------------------------------------------------------------------------------------- 
% 
%--------------------------------------------- 
%  input data for control parameters  
%--------------------------------------------- 
nel=5;          % number of elements  
nnel=2;         % number of nodes per element 

ndof=1;         % number of dofs per node 
nnode=6;        % total number of nodes in system  
sdof=nnode*ndof;     % total system dofs 
% 
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%------------------------------------------------ 
% input data for nodal coordinate values  
%------------------------------------------------ 
gcoord(1)=0,0; gcoord(2)=0,2; gcoord(3)=0,4; 

gcoord(4)=0,6; gcoord(5)=0,8; gcoord(6)=1,0; 
% 
%------------------------------------------------------------- 
% input data for nodal connectivity for each element 
%------------------------------------------------------------- 
nodes(1 1)=1; nodes(1 2)=2; nodes(2 1)=2; nodes(2 2)=3; nodes(3 1)=3;  
nodes(3 2)=4; nodes(4 1)=4; nodes(4 2)=5; nodes(5 1)=5; nodes(5 2)=6; 
% 
%------------------------------------------------ 
% input data for coefficients of the ��E  
%------------------------------------------------ 
acoef=1;        % coefficient 'a' of the diff eqn 

bcoef=-3;       % coefficient 'b' of the diff eqn 

ccoef=2;        % coefficient 'c' of the diff eqn 
% 
%------------------------------------------------ 
% input data for boundary conditions 
%------------------------------------------------ 
bcdof(1)=1;               % first node is constrained 
bcval(1)=0;               % whose described value is 0 

bcdof(2)=6;              % 6th node is constrained  
bcval(2)=0;              % whose described value is 0 
% 
%------------------------------------------------ 
% initiali�ation of matrices and vectors  
%------------------------------------------------ 
ff=�eros(sdof�1);             % initiali�ation of system force vector 
kk=�eros(sdof�sdof);          % initiali�ation of system matrix  
index=�eros(nnel*ndof�1);     % initiali�ation of index vector 
% 
%-------------------------------------------------------------------------- 
% computation of element matrices and vectors and their assembly  
%-------------------------------------------------------------------------- 
for iel=1�nel                       % loop for the total number of elements  
% 
nl=nodes(iel�1); nr=nodes(iel�2);   % extract nodes for (iel)-th element 
xl=gcoord(nl);  xr=gcoord(nr);      % extract nodal coord values 
eleng=xr-xl;                        % element length  
index=feeldof1(iel�nnel�ndof);      % extract system dofs associated  
% 
k=feode2l(acoef�bcoef�ccoef�eleng); % compute element matrix  

f=fef1l(xl�xr);                     % compute element vector  
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�kk�ff�=feasmbl2(kk�ff�k�f�index);  % assemble element matrices and vectors 
% 
end                                 % end of loop for total elements  
% 
%------------------------------------- 
% apply boundary conditions  
%------------------------------------ 
�kk�ff�=feaplyc2(kk�ff�bcdof�bcval); 
% 
%------------------------------------ 
% solve the matrix equation 
%------------------------------------ 
fsol=kk�ff;  
% 
%------------------------------------ 
% analytical solution  
%------------------------------------ 
c1=0,5�exp(1);  

c2=-0,5* (1 +1 �exp (1));  
for i=1�nnode  
x=gcoord(i); 
esol(i)=c1*exp(2*x)+c2*exp(x)+1/2;  
end 
%-------------------------------------------- 
% print both exact and fem solutions  
%-------------------------------------------- 
num=1:1�sdof; 
results=�num' fsol esol'�;  
% 
%-------------------------------------------------------------------------- 

4-21-4   
               

           .       
  (connectivity matrix)          : 

     j     i . 

 
4-96         
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39(        4-96      2*3 )3   2   
.  (   

1 3
2 3
3 4

 

11= 111 , 12=0, 13   = 121 , 14  = 411 =0, 21=0, 11  = 112 , 23   = 122  

24= 42 0  11   = 111 ,  11   = 111 ,  31   = 211 ,  32   = 211  

33   = 221 + 222 + 113 ,  34   = 123 ,  44   = 223  

1   = 11 1   = 11 

2   = 12 2   = 12 

3  = 21+ 22+ 13 3  = 21+ 22+ 13 

4= 23 4= 23 

4-22   (Ritz Variational Method: RVM) 

    (WRM)         
FEA  .             (functional) 

.              u )  (
        : 

0                                                                                                       )4-226(  

0                                                                                      )4-227(  

 :            

0                                                                    )4-228(  

 )4-228( .              
 :   
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1
2

2 1
2

2 0                                                                            )4-229(  

                   : 

1
2

2 2                                                                     )4-230(  

 
0                                                                                                                                              )4-231(  

4-22-1    
:      (   )    4-228    (

:         .      

01 1                                                                                             )4-232(  

    4-232  4-228 : 

1 1 0 1 0
0       

)4-233(                                                                                                                                                     

                  i=1 2,…,n 
         .   n  n     : 

0 01 0     

)4-234           (                                                                                                                                          

 )4-234(    :   

01                                                                                                                                   )4-235(  
                                                                                                            )4-236(  

0 0                                                                         )4-237(  
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   0    [K]   [F]  .     
)   4-235    (            

. 

   ( :    u     .   
  x        x      .      

       : 
                                                                                                                                 )4-238(  

             .      
    .0:  . 

1 1 2 2 0                                                                                         )4-239(  

        )  11  ( d     
: 

0 1 2 3                                                                                                                       )4-240(  

                n  
   n     . 

40 ( T(x)                
:      

2
2 0 0 0 

            : 

1 2 3 2  

:          

3 2  

         : 

1
2

2
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          :   

32 3

6
32 3

6  

 A          .3          
 : 

3
2 3 3

6
3

6 0 3 2  

    :   

2
2  

.        

41(           :   

2
2 0 0 1 0 1 0  

       :       

1 1 1 2 2  

      : 

1  

    :      
2

2 2
1

0
 

            : 

12 1 2 2 12 2 2 2 1 2 2 1
3 12 1

30 12 1
6 1

1

0
 

   I( 1)    : 
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1
2
3 1

1
15 1

1
6 0 1

5
18 

 :           
5
18 1  

     :     
71
369 1 7

41 2 1  

78(        2
2   0 0   
           : 

 

        2
2 .   

: 

79 .          (0 0 

80            (: 
2

2 0 1 0 1 0 

:            

  1 2 2  

81(       .         
   

1=0 0 1 0 0 1 2 

:                                                            1 1 0 2 

82(           .     
.           

2
2

2
2

2
2 0 0  

0 0
2

2
0

0 
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:                                                               1 
4-23  

       .         
   .           

.            1 1   .
   

                                                                                                                                         )4-241(  

        :            
1 2 1 2 1 1                                                                                        )4-242(  

1 1 2 2
1

2
1

2                                                                                                  )4-243(  

:       
1 2 2                                                                         )4-244(  

   
1
1                                                                                                                               )4-245(  

        : 

1 1 2 2 1 2

1
2                                                     )4-246(  

 

 
4-97      [�a� �]  ]  �1 1[ 
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1 2 3 2 1 2
1
2
3

                                                           )4-247(  

   
1 1 2 1 3 1

2

2 1 2 2 3 2
2

3 1 2 3 3 3
2

1
2

1 1 12

1 2 22

1 2

1
2                                                    )4-248(  

:                                                     
                

     . 
          : 

1

1
1 2

1
2
3

1

1

2
2

3
3

1
2
3

2 0 2 3 0  

 )4-249(                                                                                                                                                 

4-13 
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2 2     
                                                                                                      )4-250(  

            .   
       p+1    .      

          2        
         2 1  1

2    .-

  (p=2)      2  .   )4-13(     
      . 

42.   .       

3 25
2   

   :         

2 1 3 2 

)  4-13 (     :                                         1 2
1
3 1 2 

2 3 : 
1
2

1
2 3 5 1 5  

:                                                                 3 5 1 5 3 3 5 1 5 2 

2 1 3 5 1 5 3 3 5 1 5 2
2 2 3 5 1 5 3  

3 5 1 5 2 37 818 153 432 191 25 

     :    

3 2
4

4
3

3 25 191 25
5

2
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4-24           

 
1:    ( 

                                                                                                                  )4-251(

2    ( :    

                                                      )4-252(  

3 (:      

 )4-253                                        (                                  

4 (:    

                                                                         )4-254(  

5 :  (    0  :    
:   

 
                                                                                                                           )4-255(  

 
:   

                                                                                 )4-256(  

6 :   (     :    

 : 
 

                                                                                      )4-257(  
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:   

                                                                                                                     )4-258(  

7 (:       

                                                                                   )4-259(  

:                                                                                                         

 

 

 

:  

 

     :           
                                                                                        )4-260(  

:      
                                                                                      )4-261(  

 
43.            :     . 

 

 n         x=0 n=-i   x=L n=i  . 
  

    :     

0
00
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44.     4-98  .     2 2 2  .   
                
.        (0,5 ,0,5)          

.   
2 4
4 2 16 2

0 5 0 5

1
5 2  

2 4 6 

6
1

1
24

1

1
 

4
1

1
2 4

1

1

1

1
2 24

1

1
 

 
4-98 

 
4-99 
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45.     3 2 3 3 3       
4-99  .      . 

6 3 2   

6 3 2
1 0 5

0
1 5

2

0
 

2  

3
2

0

5
5 2 3 1 5

0

1
 

4-24-1   
      =  :    
:   

      0                                                                                                                                       )4-262(  

             :   

0                                                                                                                                              )4-263(  

        .         
  : 

                                                                                                                                                )4-264(  

        :   

2 0        (  )                                                                                  )4-265(  

    2 2
2

2
2  

   : 
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                                                                                                       )4-266(  

   

 )4-267(                                                                                                            0 

   0
0     .   ( )     

  .              
    .      :     

    (            )4-268(                                                        0 
    (                )4-269(                                                           

 (     )4-270(                                                        
(         )4-271(                                                      
 

        : 

     (          )4-272(                                                        0 
     (              )4-273(                                                            

    (  )4-274(                                           

     (    )4-275(                                                       
    

 

 
 4-100      
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4-24-2     
0                                                                                                           )4-276(  

0  

    

                                                      
: 

                                                                                             )4-277(  

 0 

 

 w=0   ( ) :    

0                                                                )4-278(  

 0       E.B.C   . :   
0                                                                )4-279(  

          :    

0   

4-24-3  
               

        .      
: 

                                                             0 1 2 
                   0 1 2 3

2
4 5

2 
  

0 1 2 3 2 4 5 2 6 3 7 2 8 2

9 3 
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 4-101     

 0         

1 0 1 1 1 2 1   2 0 2 1 2 2 2   )4-281(  
 

 1 2  1 2    . 
 

4-25     
                  
 0 1 2 .   

    1 2 3  ) .         
  : 

1
0
1
2

                                                                                      )4-282(  

      : 

1 1 1 0 1 1 2 1   
2 2 2 0 1 2 2 2 
3 3 3 0 1 3 2 3                                                                             )4-283(  

1

2

3

1 1 1
1 2 2
1 3 3

0
1
2

                                                         )4-284(  

   

  )4-285(                                                          1 
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1 1

2

2 3 3 1 1 2
3 2 1 3 2 1

2 3 3 2 3 1 1 3 1 2 2 1

                                        )4-286(  

2 

            x y      
:    

1
1

2 2 3 3 2 2 3 3 2 )                                            )4-287(  

2
1

2 3 1 1 3 3 1 1 3 ) 

3
1

2 1 2 2 1 1 2 2 1 ) 

      : 

                                                                                                                            )4-288(  
 

 
4-102     :      . 

 

 
4-103      
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4-26     
             

1 1                                                 )4-289(  

 0                
  :   �1�  �2�     (s)    

 s=0   �2�  s=1   �3�  ) 4-102(. 
2 3 2
2 3 2

 )4-290                                                (                                                                    

            �1�2� (      
:    

1 0
1

1
1 2 0

2
1

2                                                                                 )4-291 (  

    .     1  s=0  s=1     2 3 
:    

2 0
1

3 0
1

1
1 ,  2 0

1
3 0

2
1

2                                                                   )4-292(  

   

 )4-293(                                                                        2 0
1

0
2

1
1

1
2

3 2 

                   
.                0 . 

        

1
1

2
2

3
3

1
1

2
3

3
3
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1 2 3

1 2 3

1

2

3

                                                                                    )4-294(  

 
  

                                                                                                            )4-295(  
:       

2 3 3 1 1 2
3 2 1 3 2 1

)4-296(                                                                   
     .   

4-27        2D 
       

0                                                                        )4-297(  
.   

                                                                                                                   )4-298(  

1                                                            )4-299(  

1                                                          )4-300(  

                                            1 2 1 2 

 
4-104 
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                                     )4-301(  

1 2

1 2
                                                                 )4-302(  

                                             )4-303(  

1 0                                               )4-304(  

 
     :   

0                                                                                                         )4-305(  
                                                                                                               )4-306(  

 
  :  

 )4-307(  

 : 
011                                                                                 )4-308(  

0                                                                                            )4-309(  

     : 

1 1                                                                     )4-310(  

0 0

0 =                                           )4-311(  

46.   4-105  4       .       

 D   = k 1 0
0 1  , k=5 w/0C, s=6 w/m2    

1
2

2 3 3 1 1 2
3 2 2 3 2 1

                                                         )4-312(  
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 4-105  

1 1 2 0 5 1 0 5
2 0 2

2 0 0 5 0 5
2 2 0

                                                                                                            )4-313(  

2 = 2 3 3 2 1 3 3 1 1 2 2 1
1 1
2 1 2   

)4-314( 
 B=cte & k=cte   D(e)=kI : 

                                      )4-315(  

1
2 3125 0 625 4 6875

0 625 1 25 0 625
4 6872 0625 5 3125

1
2
3

                                                                                             )4-316(  

2
10 10 0
10 10 625 0 625
0 0625 0 625

2
4
3

                                                                                                 )4-317(  

=  

5 3125 0 625 4 6725 0
0 625 11 25 0 625 10

4 6875 0 625 5 9375 0 625
0 10 0 625 10 625

                                                                                       )4-318(  

= = 3

1
1
1

1
2
2
2

2
1
1
1

2
3
3
1

                                               )4-319(  

=                                                                                                                            )4-320(  
 

2
1

0
0 5

0 5 1
                                                                                                                          )4-321(  

2 = -20
0

0 5
0 5 1

2
0

0
20
20

 

0
0
20
20

                                                                      )4-322(  
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 4-106  

+ +r=

2 1
3 2
3 17

19
                                                                                                                                     )4-323(  

 :      

1 � 0 0 0 2 �0 1 788 0 �4 1 788                                                                              )4-324(  

                                                          1 = - k I 1 1  = 
0
0 2 = 4 47

12 88 

4-28    
                   

      2� 2   xy          .   
          2 2          

           xy     : 
 

  (x,y)= 0 + 1 + 2 + 3                                                                                                  )4-325(  

           1   .  
                :   

(x,y)= (x) (y)      I=1 2  ,  J=1 2                                                                                        )4-326(  

.       

� � � �  �                                                                                    )4-327(  
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4-14  

 
  

1 (x,y)= 2
1 2

4
1 4

 = 1 ( 2 ( 4                                                                          )4-328(  

2 (x,y)=                                = 1 ( 1 ( 4  

3 (x,y)=                                = 1 ( 1 ( 1  

4 (x,y)=                                = 1 ( 2 ( 1  

       x=y            
                   .

              . 

4-29      
      1 1       .    

x = 1 1 ( ) + 2 2 ( ) = 1 (1
2 ) + 2 (1

2 )         1 1                                                    )4-329(  

          .     
� 1

2
1 2

 � 1
1

2 1
                                                                                          )4-330(  

   � 1
1 1 2 1 2 2

2 1 2
 � 2

1 1 2 1 2 2
2 2 1

 

   � 1
1

2  � 2
1

2  

 
4-107  



       �������� �������                                                                                                                      

 

433  
 

                  
   :      . 

  x( , )= 4 ( , )                                                                                                                                  )4-331(  

y( , )= 4 ( , )                                                                                                                                     )4-332(  

    
1 2 3 4                                                                                    )4-333(  

1 2 3 4                                                                                                                )4-334(  

       �x,y�  ( , )        � � 
      ( )      :   

4 ( , )=1
4 (1+ )(1+ )                                                                                                                         )4-335(  

                 
(bilinear) .        

( , )= 4 ( , )                                                                                                                                )4-336(  
      .   : 

( , )= 0 + 1 2 3                                                                                                 )4-337(  

             :                                                     

=

14
24 34 44

14 24 34 44                                                                                                      )4-338(  

   
4

 = 
4

 + 
4

                                                                                                                      )4-339(  

4
 = 

4
 + 

4
 

   
4

4  = 

4

4  = 

4

4                                                                                             )4-340(  
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 :  
4

4  = � 1

4

4                                                                                                                    )4-341(  

4  = � 1G 4                                                                                                                            )4-342(  

    G=  . 

= 

44
1

44
1

44
1

44
1

 =  

14 24 34 44

14 24 34 44

1
2
3
4

1
2
3
4

                                                                                   )4-343(  

= � 4                                                                                                                            )4-344(  

= � 1� 4                                                                                                                                  )4-345(  
 

           0   .
0 .            180  

. 

 
 4-108     ���    ���   
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4-30      

)               4-108:( 
                                                                                                                             )4-346(  

�  :      
                                                                                                                                            )4-347(  

                                                                                                             )4-348(  

                                                                                                               )4-349(  

0
0

                                                                 )4-350 (  

 
1

1
1

1 11                                 )4-351(  
 

47.  )     4-109(          
  2 2  .    

:       
1 1

2 2

3 3

4 4

0 1
0 0

2 0 5
2 1

 

 

 
 4-109  
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:          

1
4 1 4 1 1  

2
4 1 4 1 1  
3
4 1 4 1 1  

4
4 1 4 1 1  

  4 :    

4

1
4

2
4

3
4

4
4

1
4

2
4

3
4

4
4

1
4

1 1 1 1
1 1 1 1  

:        

4 0 0 125 0 375
1 0 125 0 125  

0 125 0 375 

1

1
3 1

8
3 0

 

1 = � 1 1� 4 =1
4�

1 1 1 1 1 1
1 1 1 1  

  2 2            -

: 
1= 1

3  1= 1
3  1= 1

3  1= 1
3  1= 2=1 

K= 1  = k 1 1 11
1

1
1 d  d  

               =k 12
1

2
1

1 1  

���=

4 76 3 51 2 48 1 73
4 13 1 73 2 36

6 54 5 24
5 91

 

= 4 � = 4 11
1

1
1 �  �  
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    = 6
1
2
3
4

1
1

1
1 ��0,125 +0,375��  � =

2 5
2 5
2
2

 

         ��    .       1  
 2       1   4   .��     1   

      .      .   
4

2

0
4 1  

2
4 1 20

0 5 1
0
0

0 5 1

1

1

1

1

20
0
0
20

 

:    
1 17 5
2 2 5
3 2

18
 

    : 

4 76 3 51 2 98 1 73
3 51 4 13 1 73 2 36
2 98 1 73 6 54 5 29

1 73 2 36 5 29 5 91

0
0
0
4

1 17 5
2 2 5

3 2
18

4 3 04 

       : 

1 1 1  

1 1 1 1 1 1 1 0 9
3 6  

1 2 2
2 3

19 8  

1 3 3
4 95
19 8  

1 4 4
5 81
3 60  
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 4-110  

48.          4-110       
       .0 01         

0 0057   .  673K     
1 0 208 2       . 253K    2 0 068 2 

.               
.       

 APDL       :    
/PREP7
!* 
ET,1,PLANE55
!* 
MP,KXX,1 0,01
MP,KXX,2 0,0057
!* 
RECTNG,-15 15,-15 15
RECTNG,-6 6,-6 6
!* 
ASBA,1 2
NUMCMP,AREA 
!* 
RECTNG,-6 6,-6 6
RECTNG,-5 5,-5 5
!* 
ASBA,2 3
NUMCMP,AREA 
!* 
ESIZE,0,5
!* 
AGLUE,ALL 
!* 
ASEL,S,AREA,,2
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AATT,1
ASEL,1NVE

AATT,2
ASEL,ALL 
AMESH,ALL 
!* 
LSEL,S,LOC,X,-5
LSEL,A,LOC,X,5
LSEL,A,LOC,Y,-5
LSEL,A,LOC,Y, 5
SFL,ALL,CONV,0,208,,673
LSEL,ALL 
LSEL,S,LOC,X,-15
LSEL,A,LOC,X,15
LSEL,A,LOC,Y,-15
LSEL,A,LOC,Y, 15
SFL,ALL,CONV,0,068,,253
LSEL,ALL 
!* 
FINISH 
!* 
/SOLU 
SOLVE 
FINISH 
!* 
/POST1
PLNSOL,TEMP 
PLVECT,TF 
FINISH 
!* 

4-31        

4-31-1  - 

1 (          . 

2 (    :         
 

                                                                                                                            )4-352(  
:    

0
0

                                                                                         )4-353(  

 .     
4-31-2    

:      
                                                                                               )4-354(  
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:     
)4-355(                                                                                                                     

4-31-3   

   0  :       . 
0                                                                                                            )4-356(  

0                                                                                                            )4-357(  

0  )4-358(                                                                                                              
      :   

0
0

                                                                                                                 )4-359(  

4-31-4   
    :           

                                                                                                                                                     )4-360(  

  D    :      
] E       [ 

1 2

1 0
1 0

0 0 1
2

                                                                                                                               )4-361(  

    :     

1 1 2

1 0
1 0

0 0 1 2
2

                                                                                                       )4-362(  

4-31-5       
 :       

  :            )4-363(                                                               0 
  :      )4-364(                                                                        

 :             )4-365(                                                                         

  :    )4-366(                                     

   :   )4-367(                                                               
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:             

0 0                                                                            )4-368 (  

 

                                                                   )4-369(  

  

:       
0 0                                                                                )4-370(  

0 0     

0 0   

0 0       

               .     
: 

                                                                                  )4-371(  

 )4-372                         (                                                

:        
                                                      )4-373(  

: 
                                                                          )4-374(  

: 

)4-375(                                                                                  
:    

                                                                     )4-376(  
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       :   
0                                                                  )4-377(  

1 0 1 0 0  :                                                             

4-32    
    :      

1 1 2 2                                                                                   )4-378(  

     :     

                                                                 )4-379(  

:        

1 0 2 0 0
0 1 0 2 0

 )4-380(                                  

     :        

1 1 2 2                )4-381(

1 1 2 2                                                                        )4-382(  

:        

01                                                  )4-383(  

                                                                               )4-384(  

 
1 0 2 0 0

0 1 0 2 0
1 1 2 2

                                                             )4-385(  
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                                                                                                   )4-386(  

:   
  ,                                                                                                                )4-387(  

 :   

11 0                                                                )4-388(  

 :          
                                                                                                                   )4-389(  

                                                                         )4-390(  

      :      

11 11 0                                                                     )4-391(  

 
0 0 0                                                        )4-392(  

0       0 :     

 )4-393(                                                                                  

 

 
 4-111  
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49.         4-111  .       
  . 

   .         0 .20    
     .3 107 0 3    .    

.                .
.    

:     
0 1
0 02
2

0 5
1

 

    :     
1
4 1 4 1 1  

2
4 1 4 1 1  
3
4 1 4 1 1  

4
4 1 4 1 1  

       : 

1
4

2
4

3
4

4
4

1
4

2
4

3
4

4
4  

1 4
1 1 1 1
1 1 1 1

0 1
0 02
2

0 5
1

0 0 125 0 375
1 0 125 0 125  

: 
0 125 0 375 

1

1
3 1

8
3 0

 

1
4

0 2
4

0 3
4

0 4
4

0

0 1
4

0 2
4

0 3
4

0 4
4

1
4

1
4

2
4

2
4

3
4

3
4

4
4

4
4
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      2 2       . 
1

1
3 2

1
3 1

1
3 2

1
3 1 2 1  

:      

1
1

1

1

1
 

2

1

2

1
 

      .   : 

1
4

2
4

3
4

4
4

1
4

2
4

3
4

4
4

1
1
4

2
4

3
4

4
4

1
4

2
4

3
4

4
4  

0 44 0 06 0 12 0 38
0 88 0 88 0 24 0 24  

:    

1 1
0 44 0 0 06 0 0 12 0 0 38 0
0 0 88 0 0 88 0 0 24 0 0 24

0 88 0 44 0 88 0 06 0 24 0 12 0 24 0 38
 

:            

1 1 1 1 1 1 1 1 1 1  

:           

2

1

2

1
 

107

1 49 0 74 0 66 0 16 0 48 0 65 0 15 0 08
2 75 0 24 2 46 0 66 1 68 0 8 1 39

1 08 0 33
2 6

0 15
0 08
2

0 16
1 39
0 08

3 82

0 56
0 41
1 18

0 33
1 59

0 41
1 53

0 25
3 53

0 25
3 67

 



                                             :                ��A                                                        

446  

 

  .      0   .      
  4-1      .1         

. 

4
1 4

4 1
1

1

1 0
0 10
00
0
1
0

0
00
00
1

0
20

0
200
00
00
20

 

       :   

1

1 20
2
20

00
20

�  

0
00
0

3
3
4
4

 

:           

3
3
4
4

10 6
1 17
9 67

2 67
9 94

 

  :         

 

1 1 107
3 61
0 628
39 4

1 2 107
8 82
0 628
40 3

 

2 1 107
11 70
3 45

2 21
2 2 107

6 650
3 460
0 95
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1 1
12 5
5 64
45 5

1 2
28 5
6 65
46 5

 

2 1
42 0
23 0

2 55
2 2

18 5
4 82

1 04
 

50 .      4       1  
0 1           4-112 APDL 

.                     
   .          30

106 0 3 .     10 . 

 

 
4-112  
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 APDL :     
/PREP7
!* 
ET,1 42                                    ! Select element type as PLANE42
KEYOPT,1 3 3                 ! Specify plane stress with thickness 
R,1 0,1
!* 
MP,EX,1 30E6
MP,NUXY,1 0,3
!* 
W=4
R=1
P=10
K,1                  ! Create keypoint  (0 0)

K,2,R 

K,3,W/2
K,4,R 

K,5,W/2
K,6,W/2,W/2
L,2 3                                ! Create lines 

L,2 3                 ! Create lines 

L,3 6
L,6 5 
L,5 4 
LARC,4 2 1,R             ! Create Arc  
!* 
LESIZE,1, , ,10                   ! Specify number of Element along lines 

LESIZE,4, , ,10
LESIZE,2, , ,15
LESIZE,3, , ,15
LESIZE,3,,,15
LESIZE,5, , ,30
!* 
AL,1 2 3 4 5                 ! Create area 

LCCAT,2 3                 ! Concatenate Lines for mapped meshing 

MSHKEY,1                 !Use mapped meshing 
AMESH,ALL 
!* 
FINISH 
!* 
/SOLU 
NSEL,S,LOC,X,0
D,ALL,UX 
NSEL,S,LOC,Y,0,D,ALL,UY 

NSEL,S,LOC,Y,0,D,ALL,UY 

NSEL,S,LOC,Y,W/2
SF,ALL,PRES,-P 
ALLSEL 
SOLVE 
FINISH 
/POST1
PLDISP,2                 ! Plot deformed shape 
PLNSOL,S,Y                 ! plot stress in Y-Dir 
FINISH 
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 4-113  

51.        t=2”   l=50in 4-113    
.  F=4000lb      .        (x=l)   

.        d=3in     0 0,E=30 106. 

)          (PLANE42    )PLANE82(   
  .      t=2 in          

       . .         
APDL         :   

/PREP7
ANTYPE,STATIC 
ET,1,PLANE42,,,3,,,2
R,1 2
MP,EX,1 30
MP,NUXY,1 0,0
N,1 25
N,7 75
FILL 
N,8 25,-3
N,14 75,-9
FILL 
E,2 1 8 9
EGEN,6 1 1
NSEL,S,LOC,X,75
D,ALL,ALL 
NSEL,ALL 
F,1,FY,-4000
FINISH 
/SOLU 
OUTPR,,1
SOLUE 
FINISH 
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/POST1
END-NODE(75 0 0)
NSEL,S,NODE,,END-NODE 
PRNSOL,S,X 
MID-NODE=NODE(50 0 0)
NSEL,ALL 
NSEL,S,NODE,,MID-NODE 
PRNSOL,S,PRIN,SEQV 
PLDISP,2
FINISH 

 APDL :           

 

/PREP7

ET,1,PLANE82,,,3,,,2
EMID 
NSEL,ALL 
NSEL,R,LOC,X,75

NSEL,R,LOC,Y,-4,5
D,ALL,ALL 
NSEL,ALL 
FINISH 
/SOLU 
SOLUE 
FINISH 
/POST1

END-NODE,NODE(75 0 0)

NSEL,S,NODE,,END-NODE 
PRNSOL,S,,X 
NSEL,ALL 
MID-NODE=NODE(50 0 0)

NSEL,S,NODE,,MID-NODE 
PRNSOL,S,PRIN,SEQV 
NSEL,ALL 
FINISH 
!* 

 

             =7151,096Psi )  (7407 psi 
  =8163,656 psi            =7408,98 

Psi  =8363,709 psi                
. 
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 4-114  

 
 4-115  
 

52. )   =0,3, E=29 106
2 (4-115         -

      .             
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  .                  
  .         

 APDL :       

/PREP7
ET,1,PLANE82
KEYOPT,1 3 3
R,1 0,125
MP,EX,1 29E6
MP,PRXY,1 0,3
K,1 00
K,2 4 4
K,3 0 4
K,4 11 4
K,5 11 6
K,6 11,5 5
K,7 0 6
LARC,1 2 3 4
L,2 4
LARC,4 5 6 1
L,5 7
L,7 1
LFILLT,1 2 0,5
AL,11 6 2 3 4 5
CYL4 11 5 0,25
ASBA,1 2
NUMCMP,AREA 
ESIZE,0,25
AMESH,1
NSEL,S,LOC,X,0
D,ALL,ALL 
NSEL,ALL 
LSEL,S,LOC,Y,6
SFL,ALLPRES,10
FINISH 
/SOLU 
SOLUE 
FINISH 
/POST1
PLNSOL,U,Y,2 1,0
PLNSOL,S,EQV,2 1,0
FINISH 
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53.                   
.             

E=210Gpa    0 3 

      :         : 
 
 
 
 
 
 
 
 
 
 
 
 

 4-116  

3
3 1 3 1

2
 

      x         .    
  x :     

1
20

0 1
1

 

 APDL   : 
/PREP7
ET,1,PLANE82                              !Solid,8node 

KEYOPT,1 3 3                                !Plain stress with thickness 

R,1 0,01                                           !Thickness=0,01
BLC4 0 0 0,09 0,005                     !Rectangular area creation 

MP,EX,1 2,1e11
MPPRXY,1 0,3
ESIZE,0,002 0                                 !Mesh length=0,002m
AMESH,ALL 
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LSEL,S,LOC,X,0
DL,ALL,ALL 
LSEL,ALL 
NSEL,S,LOC,X,0,08
NSEL,R,LOC,LOC,Y,0,005
F,ALL,FY,-100,NSEL,ALL 
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
PLNSOL,U,Y,2 1,0            !Plot x component of displacement (Dof Solution) 

PLESOL,S,X,2 1,0             !Plot contour nodal solution,x-component of stress 
FINISH 

          
       *. 

.              * 

 

 

 

 

 

4-117 

 

 

 

 

 

4-118 
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54 .          .        
 APDL   FE                

.      
=210Gpa ,          0 3 

 
/PREP7
!* 
ET,1,PLANE82
KEYOPT,1 3 3
R,1 10
!* 
MP,EX,1 2.1e5
MP,PRXY,1 0,3
BLC4 0 0 200 20
!* 
ESIZE,2 0
LSEL,S,LOC,X,200
LDIV,ALL,0,5,,2 0
LSEL,ALL 
AMESH,ALL 
LSEL,S,LOC,X,0
DL,ALL,,ALL 
LSEL,ALL 
LSEL,S,LOC,X,200
LSEL,R,LOC,Y,11 20
SFL,ALL,PRES,-10 0
LSEL,ALL 
LSEL,S,LOC,X,200
LSEL,R,LOC,Y,0,+90
SFL,ALL,PRES,0,-10
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1
PLNSOL,S,X,0 1,0
FINISH 
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 4-119  

 
   

           x   4-119 .     
                     

         10mp         .  
       x=180mm          

   5mpa .        .   

 

 

 

 

 

 

 4-120  
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55.                  
         .R      p’    

          .        
.                 

                                              . 

=1 2 , 0 3, E=210Gpa 

/PREP7 

RECTENG,0 500 0,-500 

CYL4 0 500,500,-90 500 0                              !Circular area 
AGLUE,1 2                                                     !       
 NUMCMP,AREA 
MP,EX,1 2,1E5 

MP,PRXY,1 0,3 
ET,1,PLANE82 

KEYPOT,1 3 2                                                !PLANE STRAIN 

ET,2,TARGE169 
ET,3,CONTA172 

LSEL,S,LOC,Y,0 
LSEL,A,LOC,X,S00 

LESIZE,ALL,,,60 0,1 
LSEL,INVE 
LSEL,S,LOC,Y,-500 0 
LESIZE,ALL,,,60 10 
LSEL,INVE 
LSEL,S,LOC,Y,1 500 
LSEL,U,LOC,Y,500 

LESIZE,ALL,,,40 10 
LSEL,ALL      
LSEL,S,LOC,Y,500 

LESIZE,ALL,,,40 0,1 
ALLSEL,ALL,ALL 
AMESH,ALL 
LSEL,S,LOC,Y,1 500 

LSEL,U,LOC,X,0 
LSEL,U,LOC,Y,500 

NSLL,R,1                          
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NSEL,R,LOC,X,0 100 

TYPE,3 
ESURF,,BOT, 
ALLSEL,ALL,ALL 
LSEL,S,LOC,Y,0 

NSELL,R,1            

NSEL,R,LOC,X,0 100 
TYPE,2 
ESURF,   ,TOP 
ALLSEL,ALL,ALL 
LSEL,S,LOC,X,0 
DL,ALL,,UX,0 
LSEL,INVE 
LSEL,R,LOC,Y,-500 
DL,ALL,,UY,0 
LSEL,ALL 
LSEL,S,LOC,Y,500 

SFL,ALL,PRES,1         
ALLSEL,ALL,ALL 
FINISH 
/SOLU 
SOLVE 
FINISH 
/POST1 
PLNSOL,S,Y,0 1,0                           !Plot modal solution,Ystrss,true scale 
FINISH 

 

 4-121  
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:           
 2 2       x        P(x)      

x k      2
2 115 4 2          b         

 1 522 2 348        :   

115 4 2 3482 2 

           y        
ANSYS        .   0       

     0 0 418 270 9     4,7mm . 

 

 

 

 

 

 4-122  

56 .    4-122           
    0              

.        0= .         
          .                                      E=210Gpa, 0 3 

 APDL :       

/PREP 7 

ET,1,PLANE 82 

KEYOPT,1 3 3                     !Plane stress with thikness 
!* 
R,1 10 
!* 
MP,EX,1 210E3 

MP,PRXY,1 0.3 
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BLC4 0 0 200 50                !Because of symmetry only a quarter of the plate 

CYL4 0 0 10 

ARSCALE,2,,,0,5 1 1,,0 1  !arscale,A1,A2,AING,Rx,Ry,Rz,KING,NoELEM,IMOVE 

ASBA,1 2                           !Result to area3 

ESIZE,1 1,5 0 

AMESH,3 

LSEL,S,LOC,X,0 

DL,ALL,UX,0                              !DL,LINE,AREA,LAB,Value1,Value2 

LSEL,S,LOC,Y,0 

DL,ALL,UY,0 

LSEL,S,LOC,X,200 

SFL,ALL,PRES,-10 
 LSEL,ALL 
FINISH 
/SOLU 
ANTYPE,0 
SOLVE 
FINISH 
/POST1 

PLNSOL,S,X,2                              !PLNSOL,Item,comp,KUND,FACT,FileID 

/PBC,RFOR,,1                              !plot all reactions 

/PSF,PRES,NORM,2                     !Plot surface load symbols as arrows 

PLNSOL,S,X,2 
FINISH 

   
    .              

:   

1 2
0 1 0 0 0 

         a    b     0 
.     

0 0
1 2 1  

     5 16       49 4  4,94= -

    4,26% .   
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 4-123  

57.                    
.                   

.       E=200Gpa  0,3=  7,86e-6 3=  
g=9,8 2.. 

 

 

 

 

 

 

 

 

 4-124  
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 APDL :       

/PREP7 

K,1 

K,2 1000 

L,1 2 

MP,EX,1 2E5 

MP,PRXY,1 0,3 

MP,DENS,1 7,86E-6 

ET,1,BEAM3 

R,1 500 4166,67 10         !Real,AREA,IZZ,HEIGHT,SHEARZ,ISTRN,ADDMAS 

LESIZE,ALL,100             !LESIZE,NLI,SIZE,ANGSIZE,NDIV,… 

LMESH,ALL 
ACEL,0 9,8 0 

FINISH 
!* 
/SOLU 
SOLVE 
FINISH 
/POST1 

PRRSOL,F                        !NODE          FX      FY 
!*                                           1               0,0    38,514 

PLDISP,2                         !   Def+undefedge 

PLNSOL,U,SUM,0  
ETABLE,SMAX,NMISC,1             ! 

PRETAB,SMAX 
FINISH 
/EOF 

  PLDISP  PLNSOL     .     I  :     
 4-15  

SMAX ELEM 
23,108 1 

18,718 2 

14,789 3 

11,323 4 

8,3190 5 

5,7771 6 

3,6973 7 

2,0798 8 

0,92434 9 

0,23108 10 
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 4-125  

 

. 
 4-126  
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 83( 4-49            .       
      

4-33        
                   

         .         
 : 

q= + +                                                                                                                                      )4-394(  

           .  )  (
  )T(.             

   : 

                                                                                                                               )4-395(  

                                                                                                                          )4-396(  

                                                                                                                           )4-397(  

         :        

                                                                                                                )4-398(  

2 2
2

2
2

2
2                                                                                                        )4-399(  

 .                    
                

   3*3 )D  (. 

                                                                                                                                  )4-400(  

           .   
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4-33-1     
       .        

4-33-2    
      (  )            

 .        

8                                                                                                                      )4-401(  

8  

8  

   8          127-4 .  
                  

: 

8 2 2 2                                                                                                   )4-402(  

            4-16 .    
           : 

8  )4-403(                                                                                                     

 

 
 4-127  
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  4-16  

 
 

 
 4-128  

              .     
  1=  22 1 1     8  1   

                   
  0 .   

                  
.   4-128           . 

   :       

 )4-404(                                                                                                                          

          : 

1
1

1
1

1
1   

111  )4-405(                                                                          
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4-129  

4-33-3    
       4-129  .     P 

4 3 2 1   .            
     P )          (     

.         : 

1
234

2
134

3
124

4
123

 

  4 1+3+2+1.        .         
:         

14 1                                                                                                                                                )4-407(  

24 2 

34 3 

44 4 1 1 2 3 

 
 4-130  
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  4-17  

 
 4-18          

 
       4-130 .           

       .     10    
     I      .             

I=1     .       4-17 .    

 
 4-131  
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       .        
                  1 2 3  -

.       4-18  . 

 58 .4-131          k=170   
.          q=1000 .       

       293 .          
   40 2 =h .  .        

 APDL :       

ii
NUMCMP,AREA 

RECTNG,105 165 85 100
ASBA,1 2
NUMCMP,AREA 

RECTNG,-145,-125 40 85
ASBA,1 2
NUMCMP,AREA 
RECTNG,125 145 40 85
ASBA,1 2
NUMCMP,AREA 
RECTNG,-105,-95 25 100
ASBA,1 2
NUMCMP,AREA 

RECTNG,95 105 25 100
ASBA,1 2
NUMCMP,AREA 

RECTNG,-85,-75 25 100
ASBA,1 2
NUMCMP,AREA 
RECTNG,-65,-55 25 100
ASBA,1 2
NUMCMP,AREA 
RECTNG,-45,-35 25 100
ASBA,1 2
NUMCMP,AREA 
RECTNG,85 75 25 100
ASBA,1 2
NUMCMP,AREA 

RECTNG,65 55 25 100
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ASBA,1 2
NUMCMP,AREA 

RECTNG,35 45 25 100
ASBA,1 2
NUMCMP,AREA 
RECTNG,-25,-15 50 100
ASBA,1 2
NUMCMP,AREA 
RECTNG,-5 5 50 100
ASBA,1 2
NUMCMP,AREA 
RECTNG,15 25 50 100
ASBA,1 2
NUMCMP,AREA 

VOFFST,1 100
VMESH,1
ASEL,S,LOC,Y,0
ASEL,INVE 

SFA,ALL,,CONV,40 293
ASEL,ALL 
ASEL,S,LOC,Y,0
SFA,ALL,,HFLUX,1000
ASEL,ALL 
FINISH 

/SOLU 

SOLVE 
FINISH 

/POST1
PLNSOL,TF,SUM 

PATH,AB,2 30 20
PPATH,1,,0 0 0
PPATH,2,,0 50 0
PDEF,,TG,SUM 
PLPATH,TGSUM 
FINISH 
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4-34  (  )     
                  

                .
                 .

   )   (    )   (    ) 
          (  .   
                

      .     
            . 

1( :          

1                                                                   )4-408(  

                  
      .        

 )       (    �t�    . 
) 4-408   (u  t   .          

    U(x,t)=T(t)X(x)       .     
                   

.    

2( :             )finite 

difference (     .        
            1����1�    

    s .              1  
      :    

  ... 1     1 

           :      
1 0 1                                                                                     )4-409(  
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     . 
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0 2
2

2
2 0 1 2

2
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2
2

2
2 0 1 2

2
2  

2
2

2
2  

2
2

2
2 0 1 2

2
2  

1 3 2 4  
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1
2

2 2
2

2                                                                        )4-415(  

3
2

2 4
2

2  

  1    u           
                    

     .             
.             :       

1 1 1 2                                                                   )4-416(  

 u(x,t)  t=  j   .   w :   

0
1

2
2

2
2

1
0

1
1

1

2
2

2
1

 

1 3 2 4                                                                        )4-417(  

1 2 0 1 2 2
2

1
 

:     

1 2                                                                                                         )4-418(  

1 2 0                                                                                                                       )4-419(  

0 0                                                                                                                                 )4-420(  

1 1 2 2                                                                                  )4-421(  

1 2 2
2

2
2                                                                                 )4-422(  
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4-36    
         )   2 0(   

) 1 0 (.             
    . 

 - :   :        
1                                                                                                                         )4-424(  

 0 0    u   )0   (� 0� 0 -

.      »    «         
                    

 . 
1 1 1

1
0 1                                                                        )4-425(  

        = 1 1      s .      
 0 0      .        

1                                                                                                                         )4-426(  

1 1 0 1 

             : 

0)      :-=   :(    
1
2  :- ) 2 
2
3 )   :2 
1)      : :( 

)    4-424   (t>0     t=  t= 1     
)[ 1]=[M]( 

                                                                                                                      )4-427(  
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)  427-4  428-4    ( [M] .        
)4-425  (1   [M]   : 

1 1 1 1 1                                                          )4-429(  

 1   )  15)  (16:   ( 

1 1 1 1 1 1 1  

)4-430(   

)    4-430 (   :   

1 1 1                                                                                                        )4-431(  

   
1

1 1 1 1 2                                                                       )4-432(  

1 1 1 1 1 1 2 1 1     

        [ 1] .          

)432-4(   .            
   .  (   )   [ ] [ ]   t=0    

 0    [F] .        =0  (     )    
[ ]= [ 1]    .[ 1]   )432-4(     1 

     [ ] .             
                 

 . 

4-37    
 )4-425(      )4-432(     

1       .     (truncation)    
                

.   1         .        
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      .            )    
   (                

  .                        
      0 .            

                  
.              .    

           0    }u({   
(convergent) .             -

. .            
   »  « .            

       1
2<              

.      
2

1 2                                                                                                                                 )4-433(  

      )4-433 (    .      
     .         

59(        
2

2 0 0 1 

                                                                                 0 0 1 0 

                                                                                                          0 1 0 

 .          )4-410 (  a=1 b=00 0 
1 1 2 0  f=0 . )     4-424  (:   
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 :      

6
2 1
1 2

1
1

1 1 1
1 1

1
2

1
2

 

 »   «     : 

1 1 1 1  

   (l=1) 

3 6
6 3

1
2 1

3
1

6
1

6
1

3
1 1

2
1
2

 

 1 1 1 1      s>0  )t>0 ( 21 0  
1 =0  . :        

1 0 1,  2 0 1, ,        t=0 

        1 0 1.         
:      

3 2 1 3
1

2  

)     0=.      (     = 2  
             

0  

 
 4-135  
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   3  = 0 6667            . 
     .4-135 u-t   0 675  .     

    )1
2(     .        

           .           
.       .     

4-136 u(1,t)       0,5=  =0,05  .    
                  .   

.                 
         4-19  . 

 
4-136 
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